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W- graph ideals and biideals 

Robert B. Howlett ■ Van Minh Nguyen 


Abstract We further develop the theory of Vb-graph ideals, first introduced in [6]. We discuss 
Vb-graph subideals, and induction and restriction of Vb-graph ideals for parabolic subgroups. 
We introduce Vb-graph biideals: those Vb-graph ideals that yield (Vb x Vb°)-graphs, where W° 
is the group opposite to W. We determine all lb-graph ideals and biideals in finite Coxeter 
groups of rank 2. 

Keywords Coxeter groups ■ Hecke algebras • lb-graphs ■ Kazhdan-Lusztig polynomials ■ 
cells 


1 Introduction 

Let (W,S) be a Coxeter system and T-i(W) its Hecke algebra over Z[q,q~*], the ring of 
Laurent polynomials in the indeterminate q. The Coxeter system (Vb, S) is naturally equipped 
with the left weak order and the Bruhat order, denoted by s)l and bb respectively. In [6], an 
algorithm was given to produce from an ideal (down set) y of (Vb, ^l) and a subset J of 
S\y a weighted digraph T( y , J) with vertices indexed by the elements of y and coloured 
with subsets of S. If, in the terminology of [6], y is a Vb-graph ideal with respect to J, then 
F(y, J) is a Vb-graph. In the present paper we use the terminology “(y, J) is a Vb-graph 
ideal” to mean the same thing as “y is a Vb-graph ideal with respect to J ”. 

The algorithm referred to above proceeds chiefly by recursively computing polynomials 
q yw for all y ,tf6 / such that y < w. These polynomials are anologous to Kazhdan-Lusztig 
polynomials, and the Kazhdan-Lusztig Vb-graph ([8]) and Deodhar’s parabolic analogues 
([2]) are obtained as special cases. Moreover, it was shown in [10] that Vb-graphs for the 
Kazhdan-Lusztig left cells that contain longest elements of standard parabolic subgroups 
can be constructed this way. In type A, this provides a practical procedure for calculating a 
Vb-graph for a cell module (which is known to be isomorphic to the corresponding Specht 
module) from standard tableaux of a given shape. 

In general, it is still unknown which subsets of Vb generate Vb-graph ideals, and the 
problem of describing them combinatorially is still open, even in type A. Preliminary results 
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concerning these matters in type A are established in [11], using the results of the present 
paper combined with those of [6,10]. 

In this paper, we define a IT-graph subideal of a IT-graph ideal (y, J) to be a IT-graph 
ideal {y,K) such that i"C / and K = J. It was shown in [10] that if (y, J) is a IT-graph 
ideal and ifC/ then (AC ,J) is a IT-graph subideal of ( y, /) if the complement y\A£ 
is closed when regarded as a subset of the vertex set of F = F(j r , J ) (in the sense that it 
is an ideal with respect to the Kazhdan-Lusztig preorder Ar on the vertex set). We call 
IT-graph subideals of this form strong IT-graph subideals. We show that this strong IT-graph 
subideal relation is preserved by induction of IT-graph ideals, as defined in [6, Section 9]. 
More precisely, if Wk is a standard parabolic subgroup of W (where K C S), and Dk denotes 
the set of minimal length representatives of left cosets of Wk in IT, then (DkAC,J) is a strong 
IT-graph subideal of (DkJ*, /) if ( 2 z?,/) is a strong W^-graph subideal of (y, /). 

Recall that the original construction given by Kazhdan and Lusztig in [8] produces a 
(IT x W°)-graph, where W° is the Coxeter group opposite to W. Thus it is natural to seek a 
generalization the results of [6] that produces ( W x W° [-graphs. This is the motivation for 
the IT-graph biideal concept. 

As mentioned earlier, for an arbitrary Coxeter system (W,5), the algorithm in [6] takes as 
input an ideal y of ( W , ^l) and a subset/of S\y, and produces a (decorated) graph F(y, J ) 
as output. If J 2 " is a IT-graph ideal with respect to /, then r(y, J) is IT-graph. It is natural 
to ask whether this condition characterizes IT-graph ideals. The answer to this question is 
affirmative: IT-graph ideals are precisely the ideals for which the above construction produces 
IT-graphs. This is useful in practice as a computational means of determining whether or not 
a given ideal is a IT-graph ideal. 

In [6, Section 9] it was shown that if / C K C S and is a IT^-graph ideal then 

(Dk<^o,J) is a IT-graph ideal. This construction corresponds to inducing modules. In the 
present paper we prove a dual result relating to restriction of modules: if (J 2 ) J) is a W-graph 
ideal and K C S then for each right coset Wgd C W the intersection J? fl Wxd is a translate 
of a Wiy-graph ideal. Indeed, for each d 6 D K 1 , the set of minimal right coset representatives 
for Wk, the set J 2 ^ = Wk ft ,/TF 1 is a W^-graph ideal with respect to KD dJd~ l . Thus 

^ = U Sdd, 

d£DJ, l nj? 


where {J^d, Ffl dJd 1 ) is a Wk ~graph ideal in each case. 

Finally, as an example, we provide a complete list of IT-graph ideals and biideals for 
Coxeter groups of type him), where m ^ 2. 

The present paper is organized as follows. In Section 2, we provide basic definitions and 
facts concerning Coxeter groups and Hecke algebras. In Section 3 we review the definition of a 
W-graph and related concepts, and in Section 4 we recall the notion of a IT-graph ideal and the 
procedure for constructing a IT-graph from a IT-graph ideal. In Section 5 we define IT-graph 
subideals and show that parabolic induction preserves the strong IT-graph subideal relation, 
as described above. In Section 6 we define IT-graph biideals and show that they do indeed 
produce (IT x IT°)-graphs. Section 7 deals mainly with the computational characterization 
of IT-graph ideals. In Section 8 we prove the decomposition formula mentioned above: if J* 
is a IT-graph ideal then the intersection of J? with any right coset of any standard parabolic 
subgroup ITa: is a translate of a ITy-graph ideal. The paper ends with Section 9, in which 
IT-graph ideals and biideals are investigated for Coxeter groups of rank 2. 
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2 Coxeter groups and Hecke algebras 

Let (W,S) be a Coxeter system and / the length function on W determined by S. The Bruhat 
order, denoted by is the partial order on W such that 1 (the identity element) is the unique 
minimal element and the following property holds. 

Lemma 2.1 [1, Theorem 1.1] Let s G S and u,w (zW satisfy u ^ su and w SC sw. Then 
u ^ w if and only ifu ^ sw, and u ^ sw if and only ifsu ^ sw. 

The following result follows easily from Lemma 2.1 

Lemma 2.2 Let u, v, w G W with l(uv) = Ifu) +l(y) and l(uw) = l(u) + l(w). Then uv sC uw 
if and only ifv ^ w. 

As well as the Bruhat order, we shall make extensive use of the left weak order, defined by 
the condition that if v, w G W then v w if and only if l(w) = Z(wv _1 ) + /(v). The right 
weak order is defined similarly, and satisfies v w if and only if v" w \ 

For each / C S let Wj be the (standard parabolic) subgroup of W generated by /, and let Dj 
the set of distinguished (or minimal) representatives of the left cosets of Wj in W. Thus each 
w G W has a unique factorization w = du with d G Dj and u G Wj , and l(du) = 1(d) +l(u ) 
holds for all d £ Dj and u G Wj. It is easily seen that Dj is an ideal of (VL, ^|_): if w G Dj and 
v G W with v4tt' then v G Dj. 

If L C J C S then we define = WjC\ D/ , the set of minimal representatives of the left 
cosets of Wl in Wj. 

If Wj is finite then we denote the longest element of Wj by wj. If W is finite then 
Dj = { wGlTlw^L^y} ([5, Lemma 2.2.1]), where dj is the unique element in Dj fl w$Wj. 

The map W —> Dj given by w = du i-> d preserves the Bruhat order, as the following 
proposition shows. 

Proposition 2.3 [1, Lemma 3.5] Let w\ = d\ii\ and w 2 = where d\,d 2 G Dj and 
vtq,W 2 G Wj. Ifwi ^ W 2 then d\ ^ d 2 - 

The following result will be used frequently later. 

Lemma 2.4 [2, Lemma 2.1 (iii)] Let J C S. For each s G S and each w G Dj, exactly one of 
the following occurs: 

(i) l(sw) < l(w) and jw G Dj; 

(ii) l(sw) > l(w) and jw G Dj; 

(iii) l(sw) > l(w) and sw ^ Dj, and w~^sw G J. 

Let K C S. Applying the anti-automorphism of W given by w 1 —)• w~’ shows that D^ 1 
is the set of minimal representatives of the right cosets of Wk in W. It is well known 
that each double coset WkwWj contains a unique element d G Dk.j = L> K 1 fl Dj, and that 
Wk fl dWjd~ l = W KndJd - 1 whenever d G Dkj- It follows that each element of WxdWj has a 
factorization vdu with v G D^ f and u G Wj, and satisfying l(vdu ) = /(v) + 1(d) + l(u). 
Applying this to elements of Dj gives the following result. 

Lemma 2.5 Let J.K C S. Then Dj = |_| ifj, dJd _, d. 

deD KJ 

Remark 2.6 Each element w of Dj has a unique factorization vd with d G Dkj and v G Df , 
where L = KC\dJd~ l , satisfying l(w) = l(v) +l(d). 
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As in [6], ifX C W we define Pos(X) = {s 6 S \ l(xs) > l(x) for all.x: 6X}. Thus Pos(X) is 
the largest subset J of S such that X C Dj. 

Let A = Z [q,q~ l \, the ring of Laurent polynomials with integer coefficients in the 
indeterminate q, and let A + = Z[q\. The Hecke algebra corresponding to the Coxeter system 
(W,S) is the associative „4-algebra T-L — H(W) generated by elements {T, | 5 G S}, subject to 
the defining relations 

T s 2 = I + (q-q~')T s for all s G S’, 

T S T,T S • • • = T,T S T, ■ ■ ■ for all s,t € S, 

where in the second of these there are m(s,t) factors on each side, m(s,t) being the order of 
st in W. 

It is well known that T-L is A-free with an A-basis { T w \ w G W } and multiplication 
satisfying 

TT ={ Tsw if l(sw) >l(w), 

\T sw + {q-q~ l )T w if l(sw)<l{w). 

for all s G S and w 6 W. 

Let a i —> a be the involutory automorphism of A = Z[q,q~ l ] defined by q = q~ ] . This 
extends to an involutory automorphism of H satisfying 

T, = T~' =T s -(q-q- 1 ) for all s G S. 

If J C S then H(Wj), the Hecke algebra associated with the Coxeter system ( Wj,J ), is 
isomorphic to the subalgebra of H(W) generated by { T s \ s G /}. We shall identify H(Wj) 
with this subalgebra. 


3 H-graphs 

A W-graph is a triple ( V , /1, r) consisting of a set V, a function ji : V x V —t Z and a function 
T from V to the power set of S, subject to the requirement that the free ^-module with basis V 
admits an LLmodule structure satisfying 

7;v=|-‘ r ' v if ' eT(v) (3.1) 

{qv + L{uev\sei:(u)}H(u,v)u lfsfT(v), 

for all s S S and v G V. The elements of V are the vertices of the graph, and if v G V then t(v) 
is the colour of the vertex. By definition there is a directed edge from a vertex v to a vertex u 
if and only if /A (u, v) ^ 0, in which case /!(«, v) is the weight of the edge. We say that the 
edge is superfluous if T(w) C t(v) (since the formulas in Eq. (3.1) would be unchanged by 
the deletion of any such edge). 

Notation. If F = (V, p , t) is a W-graph, we denote the D-module „4V by Mr- When there is 
no ambiguity we write F (V) for the W-graph whose vertex set is V. 

Since Mr is ^l-free on V it admits a unique yl-semilinear involution a i—» a such that v = v 
for all v £ V. We call this involution the bar involution on Mr- It is an easy consequence of 
Eq. (3.1) that ha = ha for all h £ T-L and a e AV. 

Following [8], define a preorder sCr on V as follows: u ^ r v if there exists a sequence of 
vertices u = xq,x\,..., x m = v such that pix,-\,Xi) 0 and ^ t(jc,) for all i G [1,/n]. 
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That is, u Fr v if there is a directed path from v to u along non-superfluous edges. Let ~r 
be the equivalence relation on V corresponding to The equivalence classes in V are 
called the cells of F. For each cell C the corresponding full subgraph of F is itself a IT-graph, 
the n and T functions being the restrictions of those for F. The preorder on V induces a 
partial order on the cells, as follows: C Sjr C if u i^p v for some u £ C and v £ C'. 

It follows readily from Eq. (3.1) that a subset of V spans a T-L{W) -submodule of Mp if 
and only if it is closed, in the sense that for every vertex v in the subset, each u £ V satisfying 
H(u,v) ^ 0 and t(k) ^ t(v) is also in the subset. Thus U C V is a closed subset of V if and 
only if U = Uve£/{ u £ V | u ^r(V) v }• Clearly, a subset of V is closed if and only if it is the 
union of cells that form an ideal with respect to the partial ordering of cells. If U is a closed 
subset of V then the subgraphs F(F) and F(V \U) induced by U and V\U are themselves 
W-graphs, with edge weights H-')and vertex colours t(v) inherited fromF(V), and we 
have Mp(y\u) = Mp^/Mp^ as U(W) -modules. 

It is trivial to check that if F = (V,jti, t) is a W-graph and J C S then the H(VF/)-module 
obtained from Mp by restriction is afforded by a VF/-graph, namely /} = (V. jJ. , Ty), where Zj 
is defined by Tj(v) = t(v) HJ for all v £ V. We remark that, by the main theorem of [7], if 
N is an H(Wj) -module afforded by a W/-graph with vertex set U, then the induced module 
T-L VjpKWj) N is afforded by a W-graph with vertex set Dj x U. 

We end this section by recalling the original Kazhdan-Lusztig VF-graph for the regular 
representation of H(W). For each w £ W, define 

C.{w) = {i £ S | l(sw) < Z(w)}, 

7Z(w) = {i £ S | l(ws) < /(w)}, 


the elements of which are called the left descents of w and the right descents of w, respectively. 
Kazhdan and Lusztig give a recursive procedure that defines polynomials P VAi , whenever 
y, w £ W and y < w. These polynomials satisfy degP ViM , ^ k(K w ) ~ Z(y) — 1), and jd y>w is 
defined to be the leading coefficient of P v vv if the degree is j (l(w) — l(y) — 1), or 0 otherwise. 
Now define W° to be the group opposite to W, writing vvh-w 0 for the natural antiisomorphism 
from W to W°. Observe that (W x W 0 ,5 , U5°) is a Coxeter system. Kazhdan and Lusztig 
show that defining [I and T by the formulas 


p{y,w) 

r(w) 


I My-W if y < w 

\ Mvv.v if w < >’ 

c{w)un{w)° 


makes F(VF) = (W, p, T) into a (W x tT°)-graph. Thus the module Mp IW) may be regarded 
as an (7f,7f)-bimodule. 


4 M-graph ideals 


Let (W.S) be a Coxeter sytem and H = H(W). Let /bea nonempty ideal in the poset 
(W, and note that this implies that Pos(^) = S\J r = {s£S\s$:J r }. Let J be a subset 
of Pos(j^), so that J' C Dj. For each w £ y the following subsets of S give a partition of S: 


SD (S,w) = {seS 
SA( 1 /, w) = { s £ S 
WD j(j?,w) = {seS 
WA ]{j?,w) = {ses 


sw < w}, 

sw > w and sw £ J? }, 
sw > w and sw £ Dj }, 
sw > w and sw £ Dj \ y}. 
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We call the elements of these sets the strong ascents, strong descents, weak ascents and 
weak descents of w relative to y and J. If y and J are clear from the context then we may 
omit reference to them, and write, for example, WA(vv) rather than WA j(y, w). We also 
define Dj(y, w) = SD(j r , w) UWDj(/, w) and A j(y, w ) = SA(j r , w) U WA j{y, w), the 
descents and ascents of w relative to y and J. 


Remark 4.1 It follows from Lemma 2.4 that 


WA(w) = {seS\sw £ J? and w l sw^J}, 

WD(vv) = { j G S | sw ^ J and w~ 1 sw G J }, 

since sw ^ y implies that sw > w, given that y is an ideal in (W, $C|_). Clearly all descents 
of the identity element are weak descents, and in fact D(l) = WD(1) = J. 


Definition 4.2 With the above notation, we say that y is a W-graph ideal with respect to J , 
or that (y, J) is a W-graph ideal, if the following hypotheses are satisfied. 

(i) There is an yl-free 41-module 5? = y{y, J) with an yl-basis B = {b w \ w G y } on 
which the generators T s act by 


bsw 

if .v G SA(vv), 

b sw + (q-q- l )b w 

if s G SD(vv), 

-q~ x b w 

if .5 G WD(w), 

qb w - I t^by 

if s G WA(w), 


yej? 

y<sw 


(4.1) 


for some polynomials r J w G qA + . 

(ii) The module 5? admits an yl-semilinear involution aGa satisfying b\ = b\ and 
ha = ha for all h € 44 and a G 5?. 

The basis B in (i) is called the standard basis of y, and the involution a H > a in (ii) is called 
the bar involution on y. 

Remark 4.3 An obvious induction on l(w ) shows that b w = T w b\ for all »G/. 

Remark 4.4 In view of the relation T S (T S — q) = — T s — q), it follows from Eq. (4.1) 
that {b w \se WD(w)} U { b sw — qb w \ s G SA(vv) } spans the (— q^ 1 )-eigenspace of T s in y. 
In the case s G WA(w) we deduce that A yw = qr s syw whenever i G SA(y), and that r yw = 0 
whenever s G WA(y). In particular, r' w w = 0. 

Definition 4.5 If w G W and y — { « G W \ u Gl } is a W-graph ideal with respect to some 
/ C S then we say that tv is a W-graph determining element associated with J. 

Remark 4.6 If is a W-graph ideal generated by a W-graph determining element then it 
follows from [6, Proposition 7.9] that, in the case 5 G WA/(j* r ) in Part (i) of Definition 5.2, 
the sum Lyey.ycswK.wh can be replaced by the simpler Y. y e.jr, y< w r y.wby 

Let (J*,J) be a W-graph ideal and let y(y,J) be the corresponding 44-module, as 
given in Definition 4.2. From these data one can construct a W-graph F = r(y,J) with 
Mr = y{y, J). Specifically, the following results are proved in [6]. 
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Lemma 4.7 [ 6 , Lemma 7.2.] The module 59 {y, J) in Definition 4.2 has a unique A-basis 
C = {c w \ w € JT} such that for cdlw £ y we have cy, = c w and 

b w — c w + q ^ qy.wCy (4.2) 

y<w 

for certain polynomials q yyw £ A + . 

Define p yw to be the constant term of q yw . The polynomials q yyw , where y < w, can be 
computed recursively by the following formulas. 

Corollary 4.8 [ 6 , Corollary 7.4] Suppose that w < sw £ y and y < sw. If y = w then 
4y,sw = 1 . an d ify 7 -w we have the following formulas: 

(i) q y ,sw = qq y ,w tfs e A(y), 

(ii) q y ,sw — q ( q y ,w Mv.vv) "f 7w.vv Py.xdx.w if s G SD(_y), 

(iii) q y ,sw — q (q y ,w Mv.w) 4~ if s G WD(y), 

where q yw and p yM , are regarded as 0 ify w, and in (ii) and (iii) f/?e sums extend over all 
x£ y such that y <x <w and s (f D(.r). 

Corollary 4.9 Suppose thaty,w £ wiflt y <w. Ifl(w) — l(y) is odd then q y w is a polyno¬ 
mial in q~, while ifl(w) —l(y) is even then jJt yrw = 0 and q~ l q y , w is a polynomial in q 1 . 

Proof This follows from Corollary 4.8 by a straightforward induction on l{w) — l(y). □ 

Let p: C x C —> Z be given by 

! P y .w ify < w 

p w , y if w < y (4.3) 

0 otherwise, 

and let T from C to the power set of S be given by T (c w ) = D(w) for all y £ y. 

Theorem 4.10 [6, Theorem 7.5.] The triple (C.p.T) is a W-graph. 

Definition 4.11 We call C = { c w | vv G ,9 } the W-graph basis of -9'(A. J). 

The generators T s act on the basis elements c w as described in the following theorem. 
Theorem 4.12 [6, Theorem 7.3.] Let s G S and w G y. Then 

! -q~ 1 c w ifs£T>(w), 

qc w + Lyen(s.w) P-y.wCy if s G WA(w), 

qc w + c sw 9 ^y£tz(s,w) P-y,wC y if s G SA(vv). 
where the set 1Z(s } w) consists of all y G JP such that y < w and s G D(y). 

Corollary 4.13 [10, Corollary 3.6.(i)] Letx,y G 59 ■ Ifx f\_ y then c y 9riC) c x- 

Remark 4.14 It is an easy consequence of Theorem 4.12 that { c w \ s G D(w) } is a basis for 
the (—^ _1 )-eigenspace of T s in Mr- In particular, since Eq. (4.1) shows that b w is in this 
eigenspace when s G WD(w), it follows from Lemma 4.7 that q yyw = 0 whenever there is an 
.s G WD(w) such that s ^ D(y). 

Corollary 4.15 Lety,w G y with y < w and l(y) < l(w) — 1. If p y . w 0 then D(w) C D(y). 

Proof Suppose, for a contradiction, that D(w) n A(y) 0, and choose s G D(w) ft A(y). If 
s G SD(vv) then the first formula in Corollary 4.8 gives q yw = qq ysw , whence p yM , = 0, since 
p y w is the constant term of q yw . But if s G WD(w) then q yw = 0 by Remark 4.14, so that 
p y w = 0 in this case also. In either case, the assumption that p yH , 0 is contradicted. □ 
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5 Strong subideals of a W-graph ideal 

As above, let (W, S) be a Coxeter system, and U ='H{W). 

Definition 5.1 Suppose that (y, J) and {.//(), Jo) are W-graph ideals. We say that is a 
W-graph subideal of J?o if y C y 0 and J = Jq- 

The following result is Theorem 4.4 of [10]. See Remark 5.4 below for some comments 
relating to its proof. 

Theorem 5.2 Let (jLq ,J) be a W-graph ideal, and let Co = {c® | w G J^o } be the W-graph 
basis of the module <Ao = J). Suppose that / C/j and {c5,|w£/o\/}isa closed 

subset of Co. Then J? is a W-graph subideal of JLq. Moreover, the corresponding W-graph 
F(j r ) is isomorphic to the full subgraph ofr(j?o) on the vertex set {c® | w G y } C Co, with 
T and fl functions inherited from r(yf). 

In view of Theorem 5.2 we make the following definition. 

Definition 5.3 Let J ) be a W-graph ideal and let Co = { c® | w G J^o} be the W-graph 

basis of the module y{y f o, J). A strong W-graph subideal of y$ is a W-graph subideal y 
such that { c®, | w G \ y} is a closed subset of Co- 

Remark 5.4 Given the hypotheses of Theorem 5.2, let r(yf) = (Co,jlt,T) be the W-graph 
obtained from (j^o, J), and let A" be the ,4-submodule of /So = Mr spanned by the set 
C' = { c® | w G y§ \ y }. The assumption that C' is closed ensures, by Corollary 4.13, that 
y is an ideal of (W, $C|_). Moreover, S'” is an 4t(W)-submodule of Now, defining / to 
be the natural map S 'o H > Ao I S' 1 , it is readily checked that for all s G S and wC/, 

T f(c o \ = f -<r 1 /(Cw) if * 6 t(w) 

\qf(c°w)+L{xey\sei:(x)}V(X’W)f(Cx) if s(£r(w), 

since /(c®) = 0 whenever y£/o\/. The proof of Theorem 5.2 proceeds by showing that 
if { b% | w G J^o } is the standard basis of S^o then for all h’6/o\ 

M)= £ r y , w f{b° y ) 

y£J?,y<w 

for some polynomials r yw G qA + , with r yAV = q if y = sw for some s G S. Then Lemma 5.5 
below, which extends part of the proof of Theorem 5.2 given in [10], shows that y satisfies 
Definition 4.2, with y(y, J) = dAo/dA' and with {/(£>®) wG/} as its standard basis. The 
proof of Lemma 5.5 also shows that F (y) inherits its gt and T functions from F ( J^o). 
Lemma 5.5 is needed in the proof of Theorem 5.9 below. 

Lemma 5.5 Assume that is a W-graph ideal and that y C JTq is an ideal o/(W,^i_). 

Let B 0 = {b ( l w G JLq } be the standard basis of 4?q = y(jLo,J), and suppose that there 
exists an A-free U-module -A and an U-module homomorphism f: SA<y —> S' such that 

(i) { /(fc®,) | w G A } is an A-basis ofJA, 

(ii) the kernel of f is invariant under the bar involution on S”o, an d 

(iii) for each w G \ y an d y G y there is a polynomial r yyv G qA + such that r yw = q 
ify = swfor some seS, and f(b%) = £{ ye s\ y<w } r y,wf(b y ). 

Then y is a strong W-graph subideal of y§. 
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Proof The first step is to show that [y, J) is a W-graph ideal. We define b„ = f(b ®) for all 
w 6 /, so that by hypothesis B = { b w \ w £ y } is an A-basis of 5?, and proceed to show 
that the requirements of Definition 4.2 are satisfied. Hypothesis (ii) above ensures that 5? 
admits a bar involution such that f(a) = f(a) for all a £ and the requirements that 
b\ = b\ and that ha = ha for all h£H and a £ 5? follow immediately by applying / to the 
corresponding formulas in J/q. 

Since (y^.J) is a W-graph ideal and / is an 77-module homomorphism, it follows from 
Definition 4.2 that for all s £ S and w £ J?o, 


( f(b%) if s £ SA(j r 0 ,w), 

T f(h°) = J + if s £ SD( 

[w I if s £ WD/(/o,w), 

l?/(&° ) - L{yej?\y<sw} ^wfiby) if « e WAj(J?o,w), 


for some polynomials r y w £ g„4 + . Note that since y C it follows immediately from the 
definitions that if w £ y then SD(y,w) = SD (yo,w) and WDy(^,w) = WD/^OjW), and 
SA(^) C SA(j r o)- Thus if s £ S and w £ y then 


T,b w 


b sw + {q-q 1 )K- 
—q~ l b w 

qbw — H{yey\ y<iw} lyy/by 


if S' £ SA(y, w), 
if s £ SD(J^, w), 
ifs£ WD;(/,w), 
if s £ WAj(yo,w), 


and to complete the proof that Eq. (4.1) holds in all cases it remains to show that it holds 
whenever s is in WA j(y, w ) and in SA(yo,w). In this case we have sw £ J^o and sw ^ y, 
and in view of hypothesis (iii) it follows that 

T s b w — f(b sw ) — fy^swby — qbw T ^ iy,swb y 

y<W 

by Lemma 2.1 and the fact that r wsw = q (by hypothesis). So Eq. (4.1) does indeed hold, with 
r y.w = ~ r y,sw when s £ WA j(y, w) fl SA(yo,w), and hence (y, J ) is a W-graph ideal. 

Now let Co = { c^, | w £ J^o } be the W-graph basis of and let C = { c w \ w £ y } 
be the W-graph basis of y. Thus, by Theorem 4.7, for all w £ there exist polynomials 
q° y w £ A + such that 

c° = b° w - q £ ql w Cy (5.1) 

y<w 

yeJ?o 

and for all w £ y there exist polynomials q y w £ A + such that 

c w — b w q qyywCy. (5.2) 

y<w 

yeJ? 


We use induction on l(w) to show that for all w £ J*)), 


f(c°w) 


J c w if w £ y, 
if w£y. 


In the course of this we shall also show that q yw = q yw whenever y, w £ y with y < w. 
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In the case l(w) = 0 we have w = 1 and /(c®) = f(b%) = b w = c w , as required. Now 
assume that w € J^o and Z(w) > 1. Applying / to both sides of Eq. (5.1) gives 


/(C°) = f( b l) ~ V £ <ly,wf( c y) 
y<w 




= f( b w) - <7 E 4y,w c y 


y<iv 

yeJ 8 ' 


by the inductive hypothesis. If w G then = b w , and using Eq. (5.2) we find that 

/( c w) “ c w = E “ ?v,w) c y 

y<w 

yejt 


But the left hand side is fixed by the bar involution, as are the basis elements c y on the right 
hand side. So the coefficients q(q y . w — q y . w ) must also be fixed. But since q(q y , w — q yw ) is a 
polynomial in q with zero constant term, and since q = q ~ l , this forces q(q y . w — q yw ) = 0. 
Hence /(c®) = c w and q yyw = q yw , as required. On the other hand, if w then by our 
hypothesis (iii), 

f(pl) = E r y^ b y 

y<w 

yGJ? 

where the r yiW are polynomials in q with zero constant term, and so (using Eq. 5.2) 

/( c w) = E r yw(c y + q E <lz,yCz) ~ 1 E ^% c y 

y<w x z<y ' y<w 

y^J 1 ze> ySJ 8 ' 


Since /(c®) is fixed by the bar involution, while the right hand side is a linear combination 
of the basis elements c y in which all the coefficients are polynomials with zero constant term, 
it follows that /(c®,) = 0, as required. 

It is now clear that C' = { c® | w G J^o \ } spans an T-Fsubmodule of JTo, namely the 

kernel of /. Hence C’ is a closed subset of Co, and so J 1 is a strong W-graph subideal of J?q. 

□ 


Remark 5.6 In the situation of Lemma 5.5, let Iq = (Co,)io, To) be the IT-graph obtained 
from J ?!o and F = (C,,ti, t) the IT-graph obtained from JF Recall that if denotes the 
constant term of the polynomial q yw , then for all y, w G J?, 


ft (Cy , C^y ) 


H y . w ify<w, 

< n wy if w <y, 

0 otherwise. 


The parameters Ho(c y ,c ®,), for y, w G J^o, are similarly obtained from the polynomials q yw . 
Since we showed in the proof that q yw = q y w whenever y, w G y with y < w, it follows that 
ji(c y ,c w ) = jiQ (c°,c°) whenevery, tvG/. Furthermore, T(c w ) = To(c°) whenever wG/, 
since by definition t(c w ) = Dj(y, w) and t(c®,) = Dj(^o,w), and, as we noted in the proof, 
these are equal if wG/, since SD(j r , w) = SD^Ojw) and WDj(/, w) = WDy(j r o,w ; ). 
Thus F is isomorphic to the full (decorated) subgraph of Iq on the vertices {cJ,|>vG/}. 



W-graph ideals and biideals 


11 


Remark 5 .7 The converse of Lemma 5.5 is also true: if is a W-graph ideal and y is 

a strong W-graph subideal of y$, then y = <!?(*?, J) is an yf-free H -module, and there is 
an "H-module homomorphism /: y(yo,J) —> y satisfying conditions (i), (ii) and (iii) of 
Lemma 5.5. Indeed, the proof of Theorem 5.2 proceeded by constructing the required /, and 
in the course of this the following properties of / were established: 

(i) f{c%) = c w for all w £ y and/(c®) = 0 for all w £ J r o\J r , 

(ii) f(b ®) = b w for all w £ y, while for allw £ J?o\y there exist polynomials r yw £ qA + 
with >-y j W = q if wy- 1 £ S and f(b%) = L{ ye j?\y<w} r y,wf(b y ), 

(iii) /(a) = /(a) for all a £ y^. 

Proposition 5.8 If J^o is a W-graph ideal and y\ and -Ai are strong W-graph subideals of 
y 0 , then y\ U J ^2 and ^1 H are strong W-graph subideals of y$. 

Proof This is clear, since intersections and unions of ideals of (IT, ^l) are ideals, and, for 
any W-graph, intersections and unions of closed sets are closed. □ 

We now come to the main result of this section: induction of W-graph ideals preserves the 
strong subideal relationship. 

Theorem 5.9 Suppose that J C K C S and that ( yo,J ) is a Wk- graph ideal. If y is a strong 
Wk- graph subideal of J^o then D^y is a strong W-graph subideal ofDxyo- 

Proof Write Hk for the Hecke algebra associated with the Coxeter system (Wk,K), regarded 
as a subalgebra of H. Let y§ and y be the Lt^-modules derived fron the Wf-graphs (j^o,7) 
and (y, J), and let Bo = { b^ \ w £ y§ } and B = {b w \ w £ y } be their standard bases. By 
Remark 5.7 there is an "H^-module homomorphism /: y§ —y y satisfying 

(i) /(a) = /(a) for all a £ y 0 , 

(ii) f{b%) = b w for all w £ y, and for all w £ \ ^ there exist r yw £ qA + with r yyw = q 

if wy- 1 £ S and f(b° w ) = L{ ye j ?| y<w } r yw b y . 

We know from Theorem 9.2 of [6] that D^yo and Dk y are W-graph ideals, and the associated 
D-modules are the induced modules y§ = H ®-h k and y* = H ®-h k Moreover, 
B* = {T d (g> b ( l | d £ Dk,w £/o} and B* = { T d ® b w \ d £ Dk,w £ y } are the standard 
bases of y^ and y* and the bar involutions satisfy h <g> a = h <g> ce for all h£'H and a in y§ 
or y. Let f* : y^ —> y* be the H -module homomorphism induced from the "H^-module 
homomorphism /, so that f*(h®a ) =h® /(a) for all h£H and a £ y§. The conclusion 
that D^y is a strong W-graph subideal of will follow by an application of Lemma 5.5, 
if it can be shown that f* satisfies conditions (i), (ii) and (iii) of Lemma 5.5. 

For all d £ Dk and w £ y we have f* (T d ® b%) = T d ® f(b \),) = T d ® b w , and since 
{ T d ® b w | d £ Dk,w £ y} is an ^4-basis of y*, condition (i) of Lemma 5.5 is satisfied. 

For all h£H and a £ y we have 

f*{h®a) = f*(h®a) = h® f(a) =h® f(a) = h®f{a) = f*(h®a), 

whence /*( j 8 ) = /*(/3) for all /3 £ y q , and condition (ii) of Lemma 5.5 is satisfied. 

For all d £ Dk and w £ y§ \ y we have 

f (Td ® b%) = T d ® f(b° w ) = T d ® (£ v r yw b y ) = r yw {T d ® b y ) = J^ y r y<w f (T d ®b°), 

where the sums extend over all y £ y such that y < vv. Since r y w £ qA + and r yyv = q if 
wv _1 £ S, condition (iii) of Lemma 5.5 is satisfied. □ 
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Let (y, J) be a W-graph ideal and C={c w |we/} the W-graph basis of F = r(y, J). 
To simplify our terminology, we shall use the preorder on C to define a preorder on y, 
writing x ^ y y if and only if c x c y , whenever x, y G <?. In the same spirit, if X C y then 
we shall say that X is (y, 7)-closed if { c x \ x € X } is a closed subset of C, and we shall call 
X a cell of (y, J) if { c x \ x G X } is a cell of F. 

Proposition 5.10 Suppose that (y, J) is a W-graph ideal and that X is a cell of(y, J). Let 
o(X) = {y G y | x ^y yfor some rGl}, the union of the cells Y of {y , J) with X ^y Y. 
Then o(X ) is a strong W-graph subideal of(y, J). Moreover, if 3f C y then 3f is a strong 
W-graph subideal of(y, J ) if and only if it is a union of subicleals of the above form. 

Proof Let F be the W-graph F(j r , J). If w G y and s G SA(w) then stv ^ y tv, since 
p(sw,w) = 1 (by Theorem 4.12) and D(sw) <£. D(w). It follows by an induction on /(v) — l(w) 
that if w, v G y with w then v w. Hence o(X) is an ideal of (IT, Now suppose 
that z G y\ o(X) and y z. Since z G y \ o(X) there is no x G X with x ^y z, and by 
transitivity of ^y there is no x G X with x ^y y. So)>G/\ o(X). Hence y \o(X) is 
(y, /)-closed, and, by Theorem 5.2, o(X) is a strong W-graph subideal of (y, J). 

As noted in Proposition 5.8, any union of strong W-graph subideals is a strong W-graph 
subideal. Now let 3f be an arbitrary strong W-graph subideal of y, and suppose that X 
and Y are cells of (y, J) with X ^ y Y. Since y \ 3? is a closed set, if FC(/\ 3f) then 
X<Z{y\3f). Equivalently, if X C y then Y C So if X C 2? is a cell then o(X) C 
and it follows that is the union of those strong subideals o(X) that it contains. □ 

Combining Theorem 5.9 and Proposition 5.10 yields the following corollary. 

Corollary 5.11 Suppose that J C K C S and that (y, J) is a W-graph ideal. IfX C y is a 
cell of(y,J) then D^X is a union of cells of the induced W-graph ideal (D^y ,J). 

Proof By Proposition 5.10, the sets o(X) = {y G y \ x ^y y for some x G X } and o[X ) \X 
are both strong W^-graph subideals of y. So by Theorem 5.9 it follows that Dko(X) and 
Dk(o(X) \X) are strong W-graph subideals of (Dk y,J), and hence their complements in 
D^y are unions of cells. Since DkX = Dko(X ) \Dk(o(X) \X) we deduce that D^X is a 
union of cells. □ 

Remark 5.12 Applying Corollary 5.11 in the case [y, J ) = {Wk, 0) recovers the equal pa¬ 
rameters case of [4, Theorem 1], 

Let F = (C.jU, t) be the W-graph obtained from W-graph ideal ( y,J ) = (W, 0), so that 
y{y, J) can be identified with the left regular H -module, the basis C = {c w \ w G W} is the 
Kazhdan-Lusztig basis of H, and t(c w ) = C{w) = {j G S \ sw < w}, for all w G W. Observe 
that every edge of F with tail c i is superfluous, since £(1) = 0C £(w) for all w G W. Hence 
W\ {1} is a closed set of (W, 0), and, since {1} is an ideal of (W, ^|_), it follows that {1} is 
a strong W-graph subideal of W. Similarly, if W is finite and wy is the longest element of W, 
then every edge of F with head c Ws is superfluous, since C(w) C S = F(wy) for all wGW. 
So {ws} is (W, 0)-closed. Since W \ {tvs} is an ideal of (W, ^i_), it follows that W \ {tvs} is 
strong W-graph subideal of W. 

Since {tvs} is (W,0)-closed, Ac Ws is an 7-Fsubmodule of H, as was already obvious from 
the fact that T s c Ws = —q~ 1 c Ws for all s G S (by Theorem 4.12). Using this it is also easy to 
show that c Ws = 'w- 

Now let K C S. By the above discussion, {1} is a strong W^-graph subideal of (Wr-, 0), 
and so by Theorem 5.9 it follows that Dr is a strong W-graph subideal of (D^Wk,®) = (W, 0). 
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Thus W \ Dk is a closed subset of (W, 0), whence W \ Dk and Dk are both unions of left 
cells. Furthermore, if Wk is finite and wk is its longest element, then Wk \ {wk} is a strong 
WR--graph ideal of (Wk,®). and by Theorem 5.9 it follows that W\DkWk is a strong W-graph 
subideal of (W, 0). Hence Dkwk is (IV, 0)-closed, and, in particular, DkWk is a union of left 
cells. (This result was proved by Geek in [3, Lemma 2.8].) 

It is easily checked, using Definition 4.2, that if K is any subset of S then (\ .K) is 
a IV/c-graph ideal, associated with the one-dimensional representation e of 'Hk given by 
e(T s ) = —q~ ] for all s G K. By Theorem 5.2 it follows that ( Dk.K) is a W-graph ideal, 
associated with the representation of TL induced from e. (This corresponds to the case u = — 1 
in the construction given by Deodhar in [2].) In the case that Wk is finite with wk its longest 
element, the (Wa-, 0)-closed set {w’/r} also affords the representation e, and the (IV, 0)-closed 
set Dkwk also affords the representation of 'H induced from e. The following proposition 
confirms that the IV-graph F( Dk.K ) is isomorphic to the full subgraph of F(Vk, 0) spanned 
by the vertices corresponding to Dkwk- 

Proposition 5.13 Let K C S with Wk finite. Let C = {c w \w £W} be the W-graph basis 
°fy(W, 0) and F = (C, p , T) the corresponding W-graph, and let C K = { cj | d G Dk } be 
the W-graph basis of dA (Dk.K) and P K = (C K , p K ,T K ) the corresponding W-graph. Define 
(p: C K C by (p(c %) = Cd WK for all d 6 Dk, where wk is the longest element ofWK- Then 
T k (v) = T (tp(v))for all v G C K , and p K (u,v) = p{(p(ii),(p{v)) for all u, v 6 C K . 

Proof As above, we identify ^(1V,0) with ‘H. Since the set Dkwk is (lV,0)-closed, the 
A-submodule of U spanned by {c w \ w G Dkwk} is an 4f-submodule. It clearly coincides 
with the left ideal Tic WK = ®deo K ^dTLKC WK . Here each summand has dimension 1. 

The module 5T(Dk.K ) can be identified with 1Tc WK , with { TdC WK \ d G Dk} as the 
standard basis, since the bar involution on TL fixes T\C WK , and for all 5 G S and d G Dk, 

! T s dC WK if sd G Dk and sd > d, 

Tsdt-WK T" (q q )T d c WK if sd 

—q~ l TdC WK if sd = dt for some t G K, 

in accordance with the requirements of Definition 4.2. The first of the three cases corresponds 
to s G SA (DK.d), the second to s G SD (DK.d), the third to s G WDf(Dj-,<i). It is immediate 
from the definition that WA K(DK,d) is always empty. 

Note that if d G Dk and s G S then sdwK < dwK if and only if either sd < d or sd = dt for 
some t G K. Since i K (cd) = SD(Dk , d) U WDf(flj;,rf) and T (tp(cd)) = 1 (cd WK ) = T(dwK), 
this establishes the first assertion of the proposition. 

It follows from Lemma 4.7 that the W-graph basis and standard basis of 5TfD K ,K) are 
related by 

Cd = T d c WK - q Y, Pe,d T e c w K for all d G Dk, (5.3) 

e<d 

for some pf d G A + . Moreover, the W-graph basis is the only basis of bar-invariant elements 
satisfying such a system of equations. Similarly, in STfW, 0) we have 

c w — F, q ^ Py. iy T.! for all w G Dk. 

y<w 

for some p y w G A + . We apply this with w = cIwk, where d G Dk. and group the terms on 
the right hand side according to cosets of Wk. thus obtaining the components of Cdw K in the 
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direct sum decomposition H = ® egZ , s . T/Hk • We find that 

Cdw£ — Td(T WK q Pdv.dwxT v ) q T e ( Pev.dwK ^v) ■ (5-4) 

v<u’k eeDx,e<d veW/c 

Since Cdw K £ Hc WK its component in each summand DUk must lie in the one-dimensional 
subspace T t PH. k e w y . So it follows that T WK tf Pdv^dwK^v und each Pev^dwK^v in 

Eq. (5.4) must be scalar multiples of c WK — T Wk — qY*v<w K {~q) l ^~ l ^~ l T v . So 

CdwK T-dCw^ q PexvK,dwK TeCxvx • 
e<d 

Comparing this with Eq. (5.3), uniqueness tells us that c% = Cd WK for all d £ Dk, and 
that pf d = Pew K ,dw K for a ll e , d £ Dk■ Since p K (c e ,Cd) is the constant term of pf d and 
P{c eWK ,Cdw K ) is the constant term of p eWK ,dw K , this establishes the other assertion of the 
proposition. □ 

Remark 5.14 The equation pf d = p eWK ,dw K > which is the key part of the above proof, is due 
to Deodhar [2, Proposition 3.4]. The proof also shows that p ev j WK = q^ WK ^~ 1 ^Pew K ,dw K 
whenever e, d £ Dk and v £ Wk, a fact that was already known. 

6 W'-graph biideals 

It is clear from the defining presentation that the Hecke algebra U possesses an involutive 
antiautomorphism h IP that fixes each element of the generating set { T s | s £ S}. This can 
be used to convert left U -modules into right ^-modules, and vice versa. The corresponding 
antiautomorphism of VP, given by w H > w , maps ideals of (VP, ^l) to ideals of (VP, ^r), 
and vice versa. Since, moreover, (T s f = (T“ 1 ) 1 ' = (Tj') -1 = T s . _1 = T s = (T] 1 ) for all s £ S , 
it follows that I? = (lif for all h £ H. So there is a theory of VP-graph right ideals that is 
completely parallel to the theory of VP-graph (left) ideals as presented above, with (VP, ^r) 
replacing (VP, ^l) and right 7-t-modules replacing left U -modules. Just as VP-graph ideals 
give rise to VP-graphs, so VP-graph right ideals give rise to VP°-graphs. If JP C VP and K C S 
then (jP, K) is a VP-graph right ideal if and only if (y, K) is a VP-graph ideal. 

If (J^, K) is a VP-graph right ideal we write S*°(J r , K ) for the associated right ^-module, 
B° = {b%\w e y} for its standard basis and C° = {c° | w £ y } for its VP°-graph basis. 
The module y°(y, K) admits an ^4-semilinear involution a H > a such that ah = ah for all 
heH and a £ y°(y, K) and c° = c° for all w £ y. Moreover, as in Lemma 4.7, the c° are 
uniquely determined by the requirements that c° = c° and b°. = c° + qY.v<wQ° w c y for some 
q° w £ A + . We write [i° w for the constant term of the polynomial q° w . 

Remark 6.1 If (jC K) is a VP-graph right ideal then the module y°{y, K) can be identified 
with y(y~ l , K), made into a right module by defining ah = IP a for all a £ y(y~ 1 , K ) 
and heH. With this convention, b°, = b w - 1 , and Eq. (4.1) says that for all w £ y and s £ S, 

'b° ws ifseSA(w~\y~ l ), 

,o T _ Ks + (q-q~ l )b° w ifs£ SD(w’ 1 ,j* r ~ 1 ), 

w S 1 -q~ l K if 5 £ WDj;^- 1 ,/ -1 ), 

_ qb° w - I v6 ^ y<ws I w _ , b° y if s £ WA k (w~ 1 , J?~ 1 ), 

where the coefficients rj -1 w -i lie in qA + . Note that the first of these four cases corresponds 
to w < ws £ y, the second to w > ws, the third to ws ^ D K \ and the last to ws £ \ y. 
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Remark 6.2 It is conceivably possible for some y C W to be simultaneously a W-graph 
ideal with respect to J and a W-graph right ideal with respect to K , where J, K C S. However, 
if this happens then y must be contained in the standard parabolic subgroup generated by 
the complement of J(JK in S. To see this, observe that since y is both an ideal of (W, ^|_) 
and an ideal of (W, ^r), if / and u £ W has the property that there exist x, y £ W with 
w = xuy and l(w) = l(x) + l(u) + l(y), then u £ y. In particular, if s £ S occurs in any reduced 
expression for any w £ y then s £ y, whence s £JUK (since y C Dj fl D K 1 ). Of course 
this will automatically hold if / = K = 0. 

If it is the case that is a W-graph ideal and (y, K) is a W-graph right ideal then there 

is an ^-isomorphism from the left H -module y(y, J ) to the right T(-module y°{y. K) 
mapping the standard basis of y(y, J) to the standard basis of y°(y, K). It is therefore 
natural to ask whether it is possible to obtain an {PL,PL) -bimodule by identifying b°, with b„ 
for all w £ y. Accordingly, we make the following definition. 

Definition 6.3 Let y C W and J. K C S, and suppose that (./, J) is a IV-graph ideal and 
(y, K) is a IV-graph right ideal. Identify y°(y, K ) with y (y, J) by putting b°. = b w for 
all w £ y. We say that y is a W-graph biideal with respect to J and K (or that (y, J.K) is 
a IV-graph biideal) if y = y (y, J) = y°(y, K ) is an ('H,'H)-bimodulc with the left and 
right H -actions defined in Eq. (4.1) and Eq. (6.1). 

Notation. When (y, J,K) is a W-graph biideal the (Li,'H)-bimodule y(y, J) = y°(y. K) 
will be denoted by y(y,J,K). 

Suppose now that (y, J ) is simultaneously a W-graph ideal and a W-graph right ideal, and 
that y = y(y, J) = y°(y, J ) with b°, = b w for all w £ y. By Remark 4.3 and its analogue 
for the right action, we see that T w b\ = b w = b \ T w for all w £ y. The following result shows 
that (y, /,/) is a W-graph biideal if and only if r vi i>i = b\T w for all w £ W. 

Lemma 6.4 With the assumptions of the above preamble , y is an ('H.'Hj-bimodule if and 
only ifhb\ = bihfor all h £ H. 


Proof Suppose first that hb\ =b\h for all h£H. Then for all h, g £ H, we have 

{hb\)g = {b\h)g = b\(hg) = (hg)b\ = h(gbi) = h{b\g). (6.2) 


Now let w be an arbitrary element of y. By Remark 4.3 we have b w = T w b\ , and so it follows 
from Eq. (6.2) that for all h, g £ PL, 

h(b w g) = h((T w bi )g) = h(T w (big)) = ( hT w )(big ) = ((hT w )b\)g = (,h(T w b\))g = ( hb w )g. 


Since {b w \ w £ y} spans y it follows from this that h(ag) = (hcc)g for all /?, g £ H and 
cc £ y, whence y is an (L(,H)-bimodule, as required. 

Conversely, suppose that y is a (?(,L()-bimodule. We must show that hb\ = b\h for all 
h £ H, and since { T w \ w £ W } spans H it suffices to show that T w b\ = b\T w for all w £ W. 
We use induction on l(w) to do this. The case l(w) = 0 is trivial. For the inductive step, 
suppose that I(w) > 0 and write w = sv with j £ S and Z(v) = /(w) — 1. By Eq. (4.1) we find 
that 


T s b x = 


b s 

—q l bi 

qb\ 


if s £ y, 

if s i Dj, 
if s e Dj\y, 


(6.3) 
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and by Eq. (6.1) it follows that b x T s = T s b x (since s ^ Dj 1 if and only if s ^ Dj, as s = s '). 
Hence, by the inductive hypothesis and the assumption that 5? is a bimodule, it follows that 

T w b x = (T s T v )bi = T s {T v b\) = T s {b x T v ) = (T s b x )T v = ( b x T s )T v = b x ('T S T V ) = b x T w 

as required. □ 

If (y, J,K) is a W-graph biideal then the bimodule 5f(y, J.K) = y(y, J) = 5?°(y, K ) 
possesses a W-graph basis C = {c w \w £ yj and a W°-graph basis C° = { c° | w G ^ }. By 
Lemma 4.7 the c w are characterized by the properties that c„ = c w and b w = c w + qY, y< w Qy,wCy 
for some q yw G A + , and similarly the c° are characterized by the properties that c° = c° and 
b w = c^ + qY,y< w ^y,w c y f° r som e q yw G A + . It follows that if a = a for all a G y(y, J,K) 
then the W-graph basis C and the W°-graph basis C° coincide. 

Proposition 6.5 If(y, J.K) is a W-graph biideal then a = a for all a G -9'(.9, J. K). 

Proof We use induction on l(w) to show that b w = b w for all ivG/. Since the case /(w) = 0 
is trivial, assume that l(w) > 0 and let w = sv with sgS and /(v) = l(w ) — 1. Note that since 
y is an ideal of (W, ^|_) and of (W, ^r), both v and j are elements of y. Observe that 

T s bi = (T s -[q-q~ l ))b x = b s - (q-q~ l )b x = b x (T s - {q - q^ 1 )) = b x T s . 

Hence, by the inductive hypothesis and the fact that 59{y, J,K) is a bimodule, we find that 

b w = b\T w = b i T w = b\ T S T V = b x (T s T v ) = ( b\T s )T v 

= (T s b x )T v = T s (b x T v ) = %{b x T v ) = Zbv = ZK = %(Zb~ x ) 

= T s (T v bi ) = (T s T„)b x = T s T v b x = T w b x = T w b x = b„ 


as required. □ 

So if (y, J,K) is a W-graph biideal then it is indeed true that C = C°. Moreover, we also 
see that q yw = q yw for all j,ivG / with y < w, and hence p yw = p yw for all )i,wG / with 
y < w. It follows from this that F = (C, p , t) is a (W x W°)-graph, where p is defined by 

! p y ,w ifv<w 

p w , y if w < y 

0 otherwise, 

and T is defined by T(c w ) = D j(w,y) LiDg-(w _1 , y^ 1 ) 0 for all wG/. 

Theorem 6.6 If (y,J, K) is a W-graph biideal, then the triple F = (C, p , t) defined in the 
above preamble is a (W X W°)-graph. 

Remark 6 .7 The work of Kazhdan and Lusztig [ 8 ] shows that ( W , 0,0) is a W-graph biideal. 

Remark 6.8 With the notation as in Theorem 6 . 6 , let T|_: C —5- V(S) and Tr : C —> V(S°) be 
defined by T|_(c) = t(c) fl S and Tr(c) = T(c) flS° for all c in C, so that Fl = (C,p, Tl) is 
the W-graph F(y, J) and Fr = (C,p, Tr) is the W°-graph r(y, K). As in Section 3 above, 
the functions p and T determine a preorder on C; we call the corresponding equivalence 
classes the two-sided cells of C. Similarly Fl and Fr yield preorders sCj- L and ^r R on C; the 
corresponding equivalence classes are called the left cells and right cells of C. 



W-graph ideals and biideals 


17 


Remark 6.9 It is obvious from the definitions that if (y,J,K) is a W-graph biideal then 
so is (y~ 1 ., K, J). If f: y(y,J,K) — > y^y^ 1 , K,J) is the ^-isomorphism defined by 
f(b w ) = b w -1 then hf(b) = f(bl}) and f(b)h = f{l^b) for all b G y{y, J,K) and h G H. 
Furthermore, for all y^G/, the polynomial q yw for (y, J,K) equals the polynomial 
q°-i w -i = q y -1 w -i for (j^ -1 , F,/). So, in the important special case that y = y~ x and 
J = K, we have g v _i w _i = ^ yvv for all y^G/, This corresponds to the well known identity 
P l-i w ~i = P y w for Kazhdan-Lusztig polynomials, established in [9, 5.6]. 

In Definition 6.3, the requirement that y is a (Tt.H)-bimodule is not implied by other 
requirements, as the following example shows. 

Example 6.10 Let W be the Weyl group of type A 2 , with S = {s,t}- We shall show that 
(y, J) = ({1,?}, {j}) is both a W-graph ideal and a W-graph right ideal, but (y, J,J) is not a 
W-graph biideal. 

Recall first that Dj = {l,t,sf}, and that ( Dj.J ) is a W-graph ideal (by [ 6 , Theorem 9.2]). 
Let C = {ci,Cf,c s ,} be the W-graph basis of the corresponding LLmodule. Since s is a strong 
descent of st and t is a weak descent of st, it follows that T s c st = T,c st = —q~ l c st . So the 
set {it} is a (D/,./)-closed subset of Dj, and it follows by Theorem 5.2 that y is a (strong) 
W-graph subideal of ( Dj,J) (since y = Dj\ {it}). In particular, (y, J) is a W-graph ideal. 
Since y = y~ x we conclude that (y, J) is also a W-graph right ideal. 

Suppose, for a contradiction, that ( y , /,/) is a W-graph biideal, and let F = (C,JU,t) 
be the corresponding (IT x W°)-graph, defined as in the preamble to Theorem 6.6. Thus 
C = {ci,c f } is an yl-basis forMj-, which is an (7(,7()-bimodule. Since D j(y, 1) = J = {i} 
and Dj(y, t) = {f} it follows that t(ci) = {s,s 0 } and T (c t ) = {t,t 0 }, and since it is immediate 
from Corollary 4.8 that pi, = q\ , = 1 we conclude that 

T s c\=c\T s =-q~ x c\, and T t c\ = c\T, = qc\ +c t , 

T s c, = c,T s = c\+qc t , T,c, = c,T, = -q~ l c t . 

The observation that (T s c\)T, = —q~ l c\T, T s (c\T,) gives the desired contradiction. 

Definition 6.11 Suppose that ( y , J. K) and ( yo,Jo,Ko ) are W-graph biideals. We say that 
y is a W-graph subbiideal of if y C y 0 and ( J,K ) = (, Jo,Kq ). 

The following result is the biideal analogue of Theorem 5.2. 

Theorem 6.12 Let ( yo,J,K ) be a W-graph biideal with corresponding (W x W°)-graph 
F = (Co, It, t), so that Co = { c° I w G J^O } w an A-basis of the bimodule y$ = y(yo,J.K). 
Let y C y§ be such that { c® | w G J 2 ]) \ y } C Co is closed with respect to the (two-sided) 
preorder fr on Co- Then {y, J, K) is a W-graph biideal, and the (IT x W°)-graph F ( y, J , K) 
is isomorphic to the full subgraph ofF on the vertex set { c® | w G y } C Co, with p and T 
functions inherited from F. 

Proof Since the set C' = { c® | w G J 2 ]) \ y } is closed with respect to • it follows from 
the theory described in Section 3 that „4C' is an -bimodule, and also that C' is closed 

with respect to the left and right preorders Cr L and Cr R defined as in Remark 6.8 above. 
Hence it follows from Theorem 5.2 that ( y , J) is a W-graph ideal and also that (y, K) is 
a W-graph right ideal. Moreover, by Remark 5.4 the left "H-module y(y, J) and the right 
TFmodule y°(y , K) can both be identified with y$ j AC (which is an (7(,7()-bimodule), 
with the standard basis of y(y, J ) and that of y°(y , K) both equal to {/(/)(}) |wG/}, 
where { b w \ w G y§ } is the standard basis of y§ and / is the natural map y§ —> yo/AC'. 
Hence (.A, J,K) is a W-graph biideal, by Definition 6.3. The remaining assertions follow 
from Theorem 5.2 and its right ideal analogue applied to (j^o,T) and ( yo,K ). □ 
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Remark 6.13 Let (y,J,K) be a VP-graph biideal and C = {c w | wG y} the (VP xVP°)-graph 
basis of r — r(.f, J. K). In keeping with the conventions we adopted in the preamble to 
Proposition 5.10 above, we say that a subset X of y is (y, 7,F)-closed if {c x \ x G X } is 
closed with respect to the preorder and call X a two-sided cell of (J 2 ", 7, K) if { c x \ x G X } 
is a cell of F. Clearly induces a partial ordering on the set of two-sided cells, and IC/ 
is (y, J,K) -closed if and only if it is a union of two-sided that form an ideal with respect to 
this order. Theorem 6.12 shows that the complement in y of any such union is a VP-graph 
biideal with respect to J and K. 


7 Computational characterization of W'-graph ideals 

Let (VP,^) be a Coxeter system, y an ideal of (VP, ^l) an d J a subset of Pos(^). We 
know that if (y,J) is a VP-graph ideal then we can construct an 77-module that has an A- 
basis {c w \w £ y} on which the generators of 77 via the formulas given in Theorem 4.12, 
where the parameters jj. y _ w are the constant terms of a family of polynomials q yyw that can 
be computed recursively using the formulas in Corollary 4.8. In this section we prove the 
converse: if (y,J) gives rise to an 77-module via this construction then ( y,J ) must be a 
VP-graph ideal. 

Note that if ( y,J ) is not a VP-graph ideal then the polynomials q yw are not necessarily 
uniquely determined by the formulas in Corollary 4.8. If zG / and the q yw have been found 
for all y,w £ y with y < w < z, then computing the polynomials q yz involves first choosing 
some s G SD(z), so that; = jw with w < z, after which the formulas for q y<sw can be applied. A 
different sequence of choices of the elements s G SD(z) could conceivably produce a different 
family of polynomials. We show that if some sequence of choices produces polynomials 
that give rise to an 77-module then (,A,7) must be a VP-graph ideal. So, to be precise, our 
assumptions are as follows: 

(Al) y is an ideal of (VP, ^l) and 7 F Pos(^), and y is an A-free 77-module; 

(A2) y has an A-basis C = {c w \ w E y } in bijective correspondence with y, such that 
for certain integers fi y w 

{ —q^ 1 c w if s G D(w), 

qc w + Lyen(s,w) Hy,wC y if 5 G WA(vv), 

qc w + C svv + Y,yeiz(s,w) Hy,w c y ^ ,Y G SA(w), 

where the set lZ(s,w) consists of all yG / such that y < w and s G D(y); 

(A3) there exist polynomials q yyv , G A + , defined whenever y, wG/, such that p. yw is the 
constant term of q yyv , and q yw = 0 whenever y yt w; 

(A4) for each zG / with z i=- 1 there exists s G S with l(sz) < l(z) such that q SZiZ = 1, and 
for ally € y withy<zwe have 
(1) 9y,z = qqy,sz if ^ £ A(y), 

(2) q y z — q (qy,sz — Hy.sz) qsy : sz R-y,xq*,sz ifsGSD(y), 

(3) qy,z = —q (t7y,sz — fa,sz) ~b HxHy^QxjSZ ifsGWD(y), 

where the sums in (2) and (3) extend over all iG / such that y <x < sz and s ^ D(jc). 

The conclusion is that ( y,J ) is a VP-graph ideal. The proof consists of showing that the 
module y satisfies the conditions of Definition 4.2. 

Since C is an A-basis of y there is an A-semilinear involution a 4 a on 7 such 
that = Cw for all w G y. Since T s — q = T s — q and T s + q~ l =T s + q~ x it follows from 
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assumption (A2) that T s Cu, = T s c w in each of the three cases, and hence ha = ha for all 
/ 16 H and The remaining task is to show that y has an A-basis { b w \ w £ y } such 

that the formulas in Eq. (4.1) hold. We define b w = T w c \ for all and observe first that 

Eq. (4.1) is satisfied in three of the four cases. 

Proposition 7.1 Let w £ y and s £ S, and suppose that s ^ WA(vv). Then 

( b sw ifs £ SA (w), 

T s b w = < b sw + (q-q~ 1 )b w ifs£SD(w), 

[— q~ 1 b w iJs£WD(w). 

Proof If s G SA(w) then w < sw £ y, by the definition of SA(w), and by the definition of 
b w and b sw it follows that T s b w = T s (T w c\) = ( T s T w )c\ = T sw c\ = b sw , as required. 

If j G SD(w) then s £ SA(sw), and so from the case we have just done it follows that 
T s b w = T s (T s b sw ) = T}b sw = (1 + {q - q~ l )T s )b sw = b sw + {q- q~ l )b w , as required. 

Now suppose that s G WD(w). Since this gives w G Dj and sw fz Dj, it follows from 
Lemma 2.4 that l(sw) = l(w) + 1 and sw = wt for some t G J. So T S T W = T sw = T wt = T w T t . 
Furthermore, T,c\ = —q 1 1 :i. since t G J = WD(1). Hence 

T s b w = T s (T w c\) = {T s T w )c\ = {T w T,)c\ = T w (T,c i) = -q~ l T w ci = -q~ l b Wl 

as required. □ 

Lemma 7.2 We have b z = c- + q'£.{ye_^\y<z\ < ly,z c yf or z G y. 

Proof The proof is by induction on Z(z). the case l(z) = 0 being trivial. So we assume that 
l(z) > 1, and choose s as in assumption (A4) above. We write 

TZ = {xey\ x < sz and s G D(x) }, 

T\ = {x£ y \ x<sz and s G SA(jc) }, 

7i = {x G J 1 1 x < sz and s G WA(x)}, 

so that 1Z is the set lZ(s,sz) of assumption (A2) above, and we also write T = T\ U 7T The 
inductive hypothesis gives b sz = c sz + qT.x<sz c ls,sz c s^ and Proposition 7.1 gives b z = T s b sz , 
since s G SA(«). So, using (A2) to evaluate T s c sz and T s c x for x£lZ, 

b z — T S C SZ T q q x s ~l\Cx ' (j 7 y..v~Tc A T q dysz^st'x 

xeTZ jreTi xeT z 

= T dTsz T ^ Px,sz c x) ^ dx.sz/ x + q ^ dxyzXzt'x T 7 ^ dy.sz L C x 
xGlZ y£tZ xeTi xy’Ty 

— t'z 77s.- (dx.zz P-x.szJt'x T q ^ qx.zzTCx'' q qx.zz f ^x- 

xgTZ xgTi xy/Tz 

Now using (A2) to evaluate T s c x for x G 71 and x G 72 , and making use of the similarity 
between the two formulas, we find that 

b z ~ c z — qc sz (dx.sz t 7 ^ 7v.v7'\.v ■ 7 dx.szi^hx ^ P-y.xCy j • 

xGlZ xgT\ x sT yGtZ(s,x) 

We proceed to collect the coefficients of the various elements of C in the right hand side. 
Note first that if x G 71 then sx £ y (since s G SA(x)), and Lemma 2.1 implies that sx < z. 
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since x < sz < z. So all the elements of C that appear have the form cy with y<z. Writing 
coeff(y) for the coefficient of c y , the aim is to show that coeff(y) = qq y>z . 

Let y £ y with y < z, and suppose first that s 6 A (y). Then y < sy, and so y ^ sz by 
Lemma 2.1. So either y = sz and coeff(y) = q, or else y £ T and coeff(y) = q 2 q ysz . In either 
case coeff(y) = qq y . z , by assumption (A4). 

Now suppose that s £ WD(y). Then y {sx\x £T\}, since sy ^ JA So c y occurs only 
in the the first sum in our expression and in the double sum. Hence 

coeff(y) = —(q y ,sz ~ Py.sz ) A ^ ^iP-y.xdx.sz. 

X 

where x mns through all elements of T such that y £ 1Z(s,x). Again we see from assumption 
(A4) that coeff(y) = qq yyz . 

Finally, suppose that s £ SD(y). In this case y = sx with x £ 71, so that we obtain a term 
q S y t sz c v in addition to the terms obtained in the case s 6 WD(y). So again coeff(y) = qq y . z , as 
required. □ 

The following result completes the proof that Eq. (4.1) is satisfied. 

Proposition 7.3 Letw 6 y ands £ WD(w). Then T s b w = qb w +Y.{yeJ ! \y<sw} r y .w^yf or some 
polynomials r^ w £ qA + . 

Proof Define lZ = {y£J r \y<w and y £ D(y)}, so that 1Z = lZ(s,w), and define also 
7I = {y£J* r |y<w and y £ SA(y)} and Ti = {y £ J? \ y < w and y £ WA(y)}. In addition, 
let T = 71 U72- Since b w = c w + q J\. <w q yyv c y we see from assumption (A2) that 

Tsb w — T s c w A ^ ({({ \.vr l\Cy A qq y w T s c y A qq yw T s c y 

yen ysTi y^'Ti 

— (//(■»' A Py\wCy) ^ dy.w^y A ^ 44y.w Cvy A qq yyz f qCy A MaAa J 

yen yen y eT\ yeT xen(s,y) 

— qc w (dy-w P-Y.w)(‘y A ^ qqy.wt-sy A qq y ^ w [qc y -\- ^ /A._v Ay • 

ye7?. yeTi yeT xen(s,y) 

Since jUy jW is the constant term of q yw , every element of C appearing in the above expression 
has coefficient lying in qA + . So, using Lemma 2.1 and the fact that w <sw (since y £ WA(w)), 
it follows that 

T s b w = £ t.x.wCx for some t xyv £ qA + . (7.1) 

Inverting the system of equations in Lemma 7.2 shows that for all x £ JT there exist p y _ x £ A + 
such that c x = b x — qY. y < x Py.xb y , and substituting this into Eq. (7.1) gives the required result, 
with r^ w = t y w — q ' s L{ x \ y < x <sw\ PyAx.w- LI 

We have now shown that all the requirements of Definition 4.2 are satisfied, and so (y, J ) is 
a W-graph ideal. So we have proved the following theorem. 

Theorem 7.4 Let J? be an ideal of (W, Sj|_) an d J C Pos(^). Then (y, J) is a W-graph ideal 
if and only if the construction described in Section 4 above produces a W-graph (C,p, t) 
such that Theorem 4.12 is satisfied. 
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Remark 7.5 According to the construction, C={c w \w€J r } and T (w) = Dy( y, w) for all 
The function p is defined as in Eq. (4.3), where p yM , is the constant term of q yM , and 
these polynomials satisfy the formulas in Corollary 4.8. In fact we showed that if (C, p , t) is a 
W-graph then the conclusion that ( y, J) is a VL-graph ideal needs only the weaker assumption 
that the q y w are computed using (A4) above. Given that (C, p , t) is a W-graph, it is not hard 
to show that Theorem 4.12 is satisfied if and only if the statement of Corollary 4.15 holds. 


To conclude this section we give an example of an ideal y of (IV, ^l ) and a subset J of 
Pos(j r ) such that (y, J) is not a W-graph ideal, but nevertheless has the property that there 
exists a VL-graph (C, p , T) with C = {c w \w 6 J r j and r(c w ) = Dy(,jC w) for all w6/. 


Example 7.6 Let (IV, S') be the Coxeter system of type B4, and let S = {soAbSiAs}* where 
has order 4 and S 1 S 2 and S 2 S 3 have order 3. Let y = {1 ,,so,si.soA 2 .si.so} and note that 
S ^ Dj, where J = We use Theorem 7.4 to determine whether or not (^,7) is a 

W-graph ideal. The first step is to compute the polynomials q y ^ K . for allwithy < w, 
using the formulas given in Corollary 4.8 (or (A4) above). 

It is immediate that the three cases with l(w) — l(y) = 1 give q yw = 1. For the next case, 
let (y,w) = (l,siso), and observe that .?i is the only strong descent of vv. Since si 6 WDr(y), 
the third formula of Corollary 4.8 applies, and gives = q~ l (qi,s 0 — AL,s 0 ) = 0- There 
are now two remaining possibilities for (y,w), both with w = ^st^o- Observe that S 2 is the 
only strong descent of w, and .S2 6 WD/(y) for both values of y, namely y = so and y = 1. 
Furthermore, in both cases (xG/ | y < x < jijo and S 2 ^ D(x)} is empty, and so it follows 
that q y , w = q~ l {q ytS lJ() — My,siso) = S° the graph obtained is 



<- >1 



where the numbers in the circles give the values of D/(w) for the various elements iv£/, 
and the edges all have weight 1. 

It is easily checked that the above graph is not a IT-gmph: the relation T S[ T S , = T s , T S() 
fails. So {S,J) is not a IV-graph ideal. However, adding an edge of weight —1 joining the 
vertices 1 and ,?2SiSo gives 



and it is easily checked that this is a IV-graph for which the formulas in Theorem 4.12 hold. 


8 Parabolic restriction 

Let (y,J) be a IV-graph ideal and let K C S. Let Hk be the subalgebra of H generated by 
{7j | s 6 K). In this section we investigate the restriction of y{y, 7) to Hk- (As we noted in 
Section 2 above, Hk can be identified with the Hecke algebra of the Coxeter system (Wk,K).) 
Let {b w \w £ yjbe the standard basis of y(y, 7) and { c w \ w G y } the IV-graph basis. 

Each element w G W has a unique factorization w = vd with v 6 Wk and d 6 . Since 

l(w ) = Z(v) + l(d) necessarily holds in this situation, it follows that d ^|_ w. So d £ y 
whenever w£/. For each d 6 D define J 2 ^ C Wk by Sj = { v G Wk \ vd G y }, so that 

S = U Sid. 

deD^ru? 


(8.1) 
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and ,_?dd = Wicd fl y in each case. Note that since y C Dj, each d appearing in Eq. (8.1) is 
in Dk,j = Df, 1 fl Dj, the set of minimal (Wk,Wj ) double coset representatives. 

Lemma 8.1 Let d G fl y. Then is an ideal of (Wk ^l). and KP\dJd~ l C Pos(j^/). 

Proof Let w G and let v G Wk with v ^|_ w, so that w = uv with l(w) = l(u) + l(v). 
Since v, w G Wk and d G Df 1 we have l(wd) = Z(w) + l(d) and l(vd) = /(v) +l(d). Hence 
wt/ = t<(vrZ) and Z(hyZ) = Z(w) + Z(rZ) = I(u) + l(v) + 1(d) = l(u) + l(vd). Since wd G y 
(since w G yf) it follows that vd G y, and hence that v G So is an ideal of (Wk ^|_). 

Now let v G J^d, so that v G Wg- and vd G J 2 , and let s G X’ fl dJd~ l , so that s G K 
and sd = dr for some r G J. Since J C Pos(j r ) it follows that l((vd)r) > l(vd), and since 
d G Df l and v, vs G Wg: we find that l(vs) +l(d) = l(vsd) = l(vdr ) > l(vd) = Z(v) +l(d). 
Hence l(vs) > l(v), and we conclude that K fl dJd~ l C Pos(^). □ 

For each d G Df 1 fl y let ffd Q y be defined by ^d — Up ^e e, where e runs through the 
set { e G Df l | e ^ d}, and let = Jfd \ <^dd- Let Pd and y' d be the ^/-submodules of 
y(P, J) spanned by { c w \ w G ^d } and { c w \ w G ^ } respectively. Thus y' d C y d , and 
the quotient module 5? = Pdl y' d has Gl-basis { f(c m f) | ivG/j}, where / is the natural 
homomorphism ,9’d —> y . 

Clearly 5?& and y' d are both stable under the bar involution of y(y,J), since cv = c w 
for all wG/. Hence y admits a bar involution such that /(a) = /(a) for all a G Pi- 

Lemma 8.2 Lety, wG / with y ^ w, and suppose that d G fl y. Z/V G then y G 
a«rZ G rZien y G ^ d . 

Proof Let y G Wxe and w G WgV, where e, e' G 1 . Since y ^ w it follows that e s$ e\ by 
Proposition 2.3. If w G then we have e' ^ d, by the definition of ^y/, so that e rZ and 
y G J^e C ^y/. If w G then e' < d, giving e < d and y G jT' d . □ 

The following lemma is the key result in this section. 

Lemma 8.3 Let d G Df 1 fl ,P. Then Pd an d P# ore both PL k- submodules ofy(y, J). 

Proof Let w G ^d. so that w G J?e = Wxd fl P for some e G Df 1 with e ^ d, and let s G K. 
If sw G P then sw G Pe C J* d , since sw G sWg-rZ = Wg-rZ. If y G ^ and y < vv then y G 
by Lemma 8.2. By Theorem 4.12 we see that T s c w is an yl-linear combination of terms that 
all lie in { c w \ w G ^d }• So it follows that this set spans an TZ/y-submodule of y(y, J). The 
proof of the other part is the same, with JPd replaced by Jp' d . □ 

Observe that if d G Df 1 fl y and w G Jd then b w G 5^, since b w = c w + qY.y<w dy,w c y, and 
Lemma 8.2 shows that each y involved is in ^fd- The same applies with J’d replaced by ^ d 
and S^d by P d . It follows that the sets { b w \ w G ^d } and { b w \ w G ^ d } are Gl-bases of 
S?d and y' d , and { f(b w d ) | w G } is an Gl-basis of y. 

We are now able to prove the main result of this section. 

Theorem 8.4 Let ( y,J) be a W-graph ideal. Suppose that K C S and d G If - 1 fl y. Then 
yd = {v G Wk | vd G y } is a WK-graph ideal with respect to L = KPidJd~K 

Proof It was proved in Lemma 8.1 that is an ideal of (Wg-,^i_) and that L C Pos(j^). 
We proceed to show that Definition 4.2 is satisfied with y as y(yd,KCidJd~ x ) and with 
{ fipwd) | w G yd } as its standard basis (where, as above, y = 'y' d and /: ^ —> y is 

the natural map). 
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Note that f(b c i) = f(c d ), since f(c y ) = 0 for all }>£/ with y < d. Hence f(b d ) = f(b d ), 
and since also 


hf(cc) = f(ha) = f(ha) = f(ha) = hf{a) = hf(a) 

for all a £ S d and h £ Kk, it follows that condition (ii) in Definition 4.2 is satisfied. It 
remains to check that the generators T s of T-Lk act on the basis elements f(b wd ) in accordance 
with the requirements of Eq. (4.1). 

Let s 6 K and w £ y d , and suppose first that s 6 SA (y d ,w). Then l(sw) > l(w) and 
sw 6 y d . So s(wd) = ( sw)d £ y, and l(s(wd)) = l(sw) + l(d) > l(w) + l(d) = l(wd). So 
s G SA(j r , wd), and so T s b wd = b s{wd) . Applying / to both sides gives T s f{b wd ) = f(b {sw)d ), 
as required. 

Suppose next that s G SD(J^, w). Then s G SA (y d ,sw), and by the case just done we see 
that T s f(b wd ) = T;f(b [sw)d ) = (1 + (q - q~ l )T s )f(b {sw)d ) = f(b [sw)d ) + (q - q~ l )f(b wd ), 

as required. 

Now suppose that s G WDThis means that sw ^ Di, whereas w G Di. So 
/(sw) > l(w) and .sw = ws' for some s' G L, by Lemma 2.4. Since the definition of L 
gives s'd = dr for some r £ 7 we see that wd G y CD/ but s(wd) = ( wd)r ^ Dj. So s G 
WD(/, wd), giving T s b wd = -q~ x b wd , and applying / to this gives T s f(b wd ) = ~q~ x f(b wd ), 
as required. 

Linally, suppose that s G WA/,( y d ,w), so that sw G Di\y d . Since sw G Wk it follows 
that swd G (W K HD L )d = D K Kr]dJd -\d C Dj, by Lemma 2.5, since d G Dk.j- Lurthermore, 
since sw G Wk and sw ^ y d it follows that swd ^ y. So s G WA j(y, wd), and therefore 

T s b wd = qb wd — Y ^y,wd b y for some r^ wd G qA + . (8.2) 

y<swd 

Since T s b wd G S? d , if b y has nonzero coefficient in the right hand side of Eq. (8.2) theny G ^ d . 
But f(b y ) =Qifye/ d = < / d \ y d d. So applying / to Eq. (8.2) gives 

T s f(b wd ) = qf{b wd ) ~Y r yd,wdf( b y) 


where the sum is over elements y G y d such that and yd < swd. Since l(yd) = l(y) +I(d) 
and l(swd) = l(sw) + l(d ) it follows that yd < swd if and only if y < sw (by Lemma 2.2). So 

TJ(b wd ) = qf(b wd ) - Y Kd.wdfiby) 


which is of the required form. □ 

Corollary 8.5 Let J and K be subsets ofS and suppose that w G W is a W-graph determining 
element associated with J. If w = vd with v G Wk and d G Df x then v is a WK-graph 
determining element associated with K C\dJd~ x . 

Proof Let y = {x G W j x ^i_ w}, so that (y, J) is a W-graph ideal. Clearly d G Df x fl y, 
since d w, and it follows from Theorem 8.4 that ( y d ,KP\dJd ~ l ) is a W/p-graph ideal, 
where y d = {y£ Wk \ yd SJl w }- But yd vd if and only if v v, since y, v G Wk and 
d G Df x . So y d = {y G Wk | y v}, and the result follows. □ 



24 


Robert B. Howlett, Van Minh Nguyen 


Remark 8.6 Let F = (C.p, t) = F(j^, J), the W-graph obtained from the W-graph ideal 
(y,J), and let K C S. By Eq. (8.1) the vertex set C = {c w \ w £ J'} is expressible as 
a disjoint union [J d C d , where C d = {c wd | w 6 /^} and d runs through Df l fl y. Let 
Tjy: C —y V(K) be defined by %(c) = T(c) fl K for all c £ C, so that A = (C,p, Zp) is a 
Wj-graph, with M\ isomorphic to the restriction of Mp to PIk- For each d £ Df l fl y let A d 
be the full subgraph of A spanned by C d . It is clear from the results in this section that A c i is 
a union of cells of A, and spans Wp -graph isomorphic to r(y d ,KndJd~ l ). 

In particular, it follows from Remark 8.6 that if V is a closed subset of C (so that V spans an 
7-Fsubmodule of Mp) then V fl C d is a closed subset of C d . Hence we obtain the following 
result, which is, in a sense, dual to Theorem 5.9. 

Theorem 8.7 Let (AP,J) be a strong W-graph subideal of the W-graph ideal {y ,J), and let 
K CS. For each d £ Df l fl J? let T£ d = {w 6 Wp \wd€Jf} and y d = { w £ Wp \ wd e y}. 
Then (y d ,Kf]dJd~ l ) is a strong Wp-graph subideal of (y d ,KC\dJd~ l ). 

Proof Definition 5.3 and Theorem 5.2 show that can be identified with the full 

subgraph of F( J 2 ) J) spanned by { c w \ w £ 2z? }, and that V = {c w \w £ y\Jif} is a closed 
subset of C. Hence V £1 C d is a closed subset of C d . Since V C\C d = {c wd \ w £ y d \y d }, the 
result follows immediately from Definition 5.3 and Theorem 5.2. □ 


9 W-graph ideals for Coxeter groups of rank 2 

Our main aim in this section is to determine all W-graph ideals for finite Coxeter groups 
of rank 2. Accordingly, we assume henceforth that W is the group generated by S = {s,f} 
subject to the defining relations s 2 = t 2 = ( st)'" = 1, where m ^ 2. 

Notation. Whenever x and y are elements of a semigroup we define [. jty]* to be ( xy ) k / 2 if k 
is even and to be y{xy)^ k ~ 1 ),/2 if k is odd. 

Using this notation, [..st\ m = [..ts\ m is the longest element of W, and every other element 
of W has a unique expression of the form [..st]/ or [..fy]/ with l < m. Note that 

£>{*} ={[■■■#]/1 / < m }, 

D {t} = {[..ts\i\l <m}. 

We assume henceforth that that J C S and that 0 y C Dj is an ideal of (W, Recall 
from [6, Section 8] that (y,J) is a W-graph ideal if y = Dj, and note that if J = {y,f} then 
D {s,t} = {1}, forcing y = Dj. 

Suppose now that J = {y}, and note that we must have 

y = {| / ^ k} 

for some integer k with 0 k ^ m — 1. Let w be an arbitrary element of J? and let / (w) = /. If 
I = 0 then sw = s f Di s j and w <tw = t £ y, giving s £ WD(vc) and t £ SA(w). If 0 < / < k 
then = {[..yf]/_i, [..yf]/ + i} C J 2 '; so y £ SD(w) and t £ SA(w) if / is even, s £ SA(vv) 

and t £ SD(w) if / is odd. If l = k < m — 1 the same conclusion holds with SA(w) replaced by 
WA(w), since in this case [,.yf]/ + i £D {s} \^.If I = k = m — 1, which means that J? = Dr^j, 
then s £ SD(w) and t £ WD(tv) if l is even, vice versa if / is odd. 

It is now relatively straightforward to use (A3) and (A4) of Section 7 to compute the 
polynomials q y z for (y, J ) = (y, {y}). 
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Lemma 9.1 With J? and J as above, suppose thaty , / with /(y) < l(z)■ Then 


fl ifl(z)-l{y) = 1 , 
\0 ifl(z) — l(y) > 1 . 


Proof The proof proceeds by induction on l(z). If l(z) = 1 then z = t and y = 1, and (A4) 
immediately gives q yz = 1 , as required. 

For the inductive step, suppose first that l(z) is even. Then s £ D(z), and sz is the only 
element of JT whose length is l(z) — 1. Since (A4) immediately gives q SZiZ = 1, it suffices to 
prove that q yz = 0 if l(y) < Z(z) — 1 . 

If l(y) is odd then s £ A(y), and /(>’) < I(z) — 1 gives /(y) ^ l{z) — 3 < l(sz) — 1. So the 
inductive hypothesis gives q ysz = 0, and by (1) of (A4) it follows that q yz = qq y . sz = 0. 

Assume now that l(y) is even, so that s £ D(y). Since Z(y) ^ l(z. ) — 2 < l(sz) the inductive 
hypothesis tells us that q yiSZ is a constant, and so q~ l (q y ,sz ~ Py,sz) = 0- If s £ SD(y) then 
l(sy) = Z(y) — 1 < l(z) — 1 = l(sz), and the inductive hypothesis gives q sy ,sz — 0- So whether 
s £ SD(w) or s £ SA(w) we have q ytZ = L. v t-ly,,x ( tx,sz, where the sum extends over x £ J 2- such 
thaty < x < sz and s ^ D(jc). But s ^ D(x) implies that l(x ) is even, giving i(x) < l(sz) — 1, 
since l(sz) is also even. Since this gives q xyz = 0 by the inductive hypothesis it follows that 
all the terms in the sum are 0 , and q y>z = 0 , as required. 

If I(z) odd then the same proof applies, with odd and even swapped and with j replaced 
by t. This completes the induction. □ 


It follows from Lemma 9.1 and the discussion preceding it that if k < m — 1 then the 
construction produces a graph of the form 

©< <'>- <!> <i> ' • • • 


where the number of vertices is k+ 1 and all edges have weight 1. In other words, if we let 
V = {vi, V 2 , - •., V£ + i} be the vertex set, then t: V —> V(S) is given by 

. . I Is) if i is odd, 

t(v,-) = < f X ..... 

I {/) it ms even, 

and the integer is 1 whenever | i— j | = 1 and is 0 whenever | i— j\ > 1. It follows 

from Theorem 7.4 that (y, J ) is a W-graph ideal if and only if F = (V, p , t) is a VT-graph. 

Note that if k = m — 2 then J? = Dj \ {[..it] m _i}. In this case it follows from results 
already obtained (*/, J ) is a VT-graph ideal. Indeed, we saw in Section 5 that ( Dj,J) is a 
IT-graph ideal, and since D([..sf],„_i) = {s,f} (as noted in the discussion above), it follows 
that the set {[..sf] m -i} is closed. Hence {Dj \ is a strong IT-graph 

subideal of ( Dj,J ). 

The next lemma shows that (V, p , t) is a VT-graph if and only if k + 2 is a divisor of m. 

Lemma 9.2 Let M be a free A-module with A-basis V = {vq,..., v*_|_j}, where k^0, and 
for each r £ {j,t} let (f) r : M —> M be the A-homomorphism satisfying 

[-<{ 1 »V if'*{vi) = {r} 

^ - < qv . + £ v . ifz{v ( ) f {r} 

{ jCTZ, 

where IZj = {i — 1, i + 1} fl {1,2,..., k+ 1}. Then the relation (j)~ = 1 + (g — q ~ 1 )(j) r is satisfied 
for both values of r £ and [.. 0 ^,],, = [.. 0 r 0 s ]„ if and only ifn is a multiple ofk + 2. 
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Proof Observe that if T(v,j f {r} then t(v/) = {/•} for all j G 7 Z/. It follows by a trivial 
calculation that 0 2 = 1 + (q — q~ l )(j) r . 

If m = k+2 then Mis isomorphic to the PL -module Mr, where F = F (D/ \ {[..yf] m _|},./), 
with T s acting via (j) s and T t acting via (/),. Hence [«0 i 0 f ]fc + 2 = [..^$s]* + 2. It follows from 
this that also [,.<j) s <j) t ] n = [,.<j) t <j)f n whenever n is a multiple of k + 2. It remains to prove the 
converse: if [..0 S 0,]„ = then n is a multiple of k + 2. 

So assume that [..(j) s (j),] n = [,.(j) t <j> s ] n . If k = 0 then (j) s (v 1) = — <7 1 vi and <j> t (y 1) = qv\ , and 
it follows that if n = 21 + 1 is odd then [f(j> s <j> t ] n = (— 1 ) l (j) s (— 1)^, = [..(j),(j) s ] n , contrary to 
our hypothesis. So n is even, as required. 

Assume now that k > 1. It is convenient to regard M as embedded in a C [q,q ~ x ]-module 
with basis V, and extend <j) s and (/), to C^rF^-endomorphisms of this module. Let £ be a 
primitive 2(£ + 2)-th root of unity, and write 0 \ = L, k — £~ k for all integers k. 

Define u 1 = Y.ieO ft 1 '; and 112 = T,ieE 0iV,-, where O and E are respectively the set of odd 
integers in {1,2,..., k + 1} and the set of even integers in {1,2,..., k + 1}. It is easily seen 
that <j) s (u 1 ) = — <F*mi and <$>,( 112 ) = —q~ l U 2 , while 

0s(m 2 ) =qu 2 + £(0;+i - 0,-i)v,- 
ieO 

<M«l) =?«l + 52(0/+l - 0/-i)vi 

i£E 


since Gq = 9k+2 — 0- Now since 0, + 1 — 0,-_ 1 = (£ + £ 1 ) 0/ it follows that the two-dimensional 
submodule spanned by {u\. 112 } is preserved by both <j) s and <j) t , which act via the the following 
two matrices: 


F = 



C+ /1 


F,= 


q 

c+r 



Since {..<j) s (J) t } n = y,(j) t <j) s } n it follows that [..F s F t ] n = [..F,F S }„. This must remain valid on 
specializing to q = 1, in which case F~ = F, 2 = 1 and ( F s F,) n = ([..F f F s ]„) _1 [,.F s F t \ n = 1. 
But since 


F s F t 


/c 2 +r 2 +i -(c+c-v 1 ^ 
uc+r 1 )? -1 ) 


and the eigenvalues of this are £ 2 and £ 2 , it follows that (£ 2 )" = 1. Since Cf is a primitive 
( k + 2)-th root of 1 we conclude that k + 2 is a divisor of n, as required. □ 


Suppose now that J = 0, so that Dj = W. Since we know that (IT, 0) is a IT-graph ideal, we 
assume that is an ideal of (W. ^|_) such that W. Then 

y = ^h,k = {[■•■«]/ I I < h}U{[..ts]i | l ^ k} 

for some h, k € {0,1,2,... ,m— 1}. Since Dj = W there are no weak descents. So D(l) = 0, 
and for every other «/£/we have either D(w) = {y} (if the reduced expression for w starts 
with y) or D(w) = {?} (if it starts with t ). 

For the purposes of applying Theorem 7.4 we need to find the integers pi y w that appear in 
(A2) of Section 7. This means that y < vv and D(y) (£ D(w). Clearly we may as well assume 
that D(w) = {y} and D(y) = {f}. 


Lemma 9.3 Let = J^/, (as defined above) and let J = 0. Let y, w be elements of J* with 
D j(jL, w) = {y} and D/( [/, y) = {f}, and 0 < l(y) < l(w). Then jl yw = 1 ifl(w) — l(y) = 1, 
and = 0 otherwise. 
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Proof If l(w) — l(y) = 1 then y = sw, and it is immediate from (A4) of Section 7 that 
jj, y w = q yw = 1. If l(w) — l{y) > 1 then case (1) of (A4) applies, since s 6 A(y), and so 
q y ,w — qq y ,sw- So the constant term of q y w is zero, as required. □ 


So, after removing superfluous edges, the graph produced by application of our algorithm to 
has the form 

''' 

U ^©—©~©~- 

where there are h + k+ 1 vertices, k in the top row and h in the bottom row, and all edges have 
weight 1. In other words, if we let V = { v/1 1 ^ i SC k } U {x} U { iq | 1 ^ i ^ h } be the vertex 
set, where the v; correspond to the top row and the m, to the bottom row, and temporarily let 
vq = x and v_ ( - = w, for 1 s; i ^ h, then t: V —> V(S) is given by t(vq) = 0 and 


. , [ { s} if / is odd and positive or even and negative, 

T(V;) = < ' 

I {t\ if i is even and positive or odd and negative, 

and the integer jtt(v,-,v 7 ) is 1 whenever |i — j\ = 1 and is 0 whenever |i — j\ > 1. It follows 
from Theorem 7.4 that 0) is a VT-graph ideal if and only if F = (V,p, t) is a VT-graph. 

Note that in the particular case h = 0 and k = m — 1 we have jL hk = £>{ 5 }, and it follows 
from [ 6 , Proposition 8.3] that (jL hk ,ib) is a VT-graph ideal. 

Our next lemma shows that, in the general case, (^, *,0) is a VT-graph ideal if and only 
if h + 1 and k + 1 are both divisors of m. 


Lemma 9.4 Let M be a free A-module with A-basis {x} U {u\,U 2 , ■ . . , m/,} U {vi, V 2 ,. • -, v^.}, 
and put uq = vo = M/,+i = v k+ \ = 0. Let 0 S and <j) t be A-endomorphisms ofM satisfying the 
following rules: 

(i) 0 s {x) = qx+v 1 and 0t(x) = < 7 X + «i, 

(ii) ( p s (vi ) = — q~ l Vj ifi is odd, and 0 s (vi) = q\y +v;_ 1 + v;+i ifi is even, 

(iii) <j) s {ui ) = —q~ l Ui ifi is even, and 0 s (ui) = qiii + itj -1 +m,+i ifi is odd, 

(iv) ( p t (vi ) = — q~ l Vj ifi is even, and 0t{vf) = qVj+Vj -1 +v,+i ifi is odd, 

(v) 0t(ui) = —q~ l Uj ifi is odd, and 0,(iii) = qUj + Uj -1 + ti,-+i ifi is even. 

Then 0^ = 1 + (q — q~ l )0 s and (ftp = 1 + (q — q~ 1 )0 t , and [..0 s 0t]n = [..0i0 s ]„ if and only if 
h+ 1 and k+ 1 are both divisors ofn. 

Proof Checking that 0~ = 1 + (q — q~ l )0 s and <pp = 1 + (q — q~ 1 )0t is straightforward. 

If h = 0 and m = k + 1 then M is isomorphic to the H -module Mr, where F = F(Z){ s j,0), 
with T s acting via 0 S and T, acting via <j>,. Hence = [■■0t0s]k+i if h = 0. It follows 

from this that also [,.0 s 0i]„ = [,.0 t 0 s ] n whenever h = 0 and n is a multiple of k+ 1. Similarly, 
[..0 s 0,] n = [.. 0 f ^]„ whenever k = 0 and n is a multiple of h + 1 . 

Turning to the general case, let Mu be the „4-submodule of M spanned by {mi , M 2 ,..., m/,} 
and let My be the A-submodule of M spanned by (vi, V 2 ,..., Vi}. Note that Mu and My are 
both invariant under 0 S and 0,. Let G s and G, be the matrices of <j) s and 0, on Mu, relative 
to the ordered basis («/,,«/,_ 1 ,... ,mi), and let F s and F, be the matrices of 0 S and 0, on My, 
relative to the ordered basis (vi, V 2 ,..., v k ). Then the matrices of 0 S and 0, on M relative to 
the ordered basis (u k , m,,_i, ■ ■ ■ ,u\ ,x, vi,..., v k _\, v k ) are 



G s 0 O' 



G, u O' 

H s = 

0^0 

0 v F,_ 

and 

H,= 

0 q 0 

0 OF, 
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where all entries of the columns u and v are zero, except for the last entry of u and the first 
entry of v, which are both 1. 

If [--tpstptjn = then [..G s G,] n = [..G t G s ] n , and it follows by Lemma 9.2 that h+ 1 

must be a divisor of n. Similarly also [..F s F,] n = [..F,F s ] n , and it follows by Lemma 9.2 that 
k+ 1 must be a divisor of n. It remains to prove that if h + 1 and k + 1 are divisors of n then 
[..H s H,) n = \..H,H s \ n . 

Assume that h+ 1 and k+ 1 are divisors of n. Observe that <j> s and (/), act on the quotient 
module M/Mu via the following two matrices. 


Hi = 

q 0 

and H' t = 

q 0 

S 

v F s 


0 F, 


which are also the matrices of <j) s and (j), on M in the case h = 0. Since [..<j) s (j),] n = [■■<j>t t Ps}n in 
this case, it follows that [..H' s H' t \ n = {..H' t H' s ] n . Similarly the matrices 


G s O' 

and Hi' = 

G[ u 

o q 

t 

° q 


satisfy [..H"H"] n = [..H"H"] n . But it is clear that 


[:H s H t ]n 


[■■G s G t }„ * 0 

0 q n 0 
0 * [~F s F,] n 


l-H'jHfl 0 


%*G s G,] n * 

* [■■F s F t ]n_ 


0 [..H' s H' t ] n 


where the asterisks mark entries whose values are irrelevant to our argument. Moreover 


[~H,H s ] n 


{,.G,G s ] n * 0 

0 q n 0 
0 * [..F,F S ]„ 


by similar calculations, and since [..H' s H' t \ n 
that [..H s H,\ n = [..H t H s ] n , as required. 


'[••Win 0 


[■■G,G S }„ * 

* [■■FtF s \ n _ 


o [..h;h' s }„_ 


= [-H' t H' s ] n and [..H'/H' t '] n = [..H','H'/] n it follows 


□ 


The following theorem gathers together the various results proved above, and their obvious 
analogues obtained by swapping 5 and t. 

Theorem 9.5 Let (W, S) be a Coxeter system of type hfti), and let S = Then (^, J) 

is a W-graph ideal if and only if one of the following alternatives is satisfied: 

(i) (y, j) = ({i},5), 

(ii) (^,7) = (D W ,M), 

(iii) (S,J) = ({[..st]i\l ^ £},{.?}), where k + 2 divides m, 

(iv) (S,J) = {D {l} ,{t}), 

(v) (j?, J) = ({ | / ^ A:}, {f}), where k + 2 divides m, 

(vi) (S,J) = (W,0), 

(vii) (y, J) = ({ [..st]i | / ^ h} U { | / ^ A'},0), where h+ 1 and k+ 1 divide m. 

Our final objective is to determine all the IV-graph biideals in type him). We need the 
following lemma. 

Lemma 9.6 With ( W,S ) as above, let y = { [..if]/ | / ^ h} U { [..ts]i \ l ^ k}, where h and k 
are nonnegative integers, and assume that ( y , 0) is a W-graph ideal. Let C={c»|wG/} 
be the W-graph basis of the H-module y(y, 0), and let w £ y with l(w) ^ min (li,k) + 1. 
Then T w c\ = c w + c x , where x runs through the set {x £ W \ l(x) < l (w)}. 
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Proof Note first that y contains all elements of W such that /(w) ^ min (h,k), and hence 
contains all x such that l(x ) < Z(w). 

We use induction on l(w). If l(w) = 0 the statement becomes 7\ci = ci, which is true 
since T\ is the identity element of PL. So assume that Z(w) = l > 0, and let w = rv with 
r G {s,t} and Z(v) =1—1. Since the proofs for the two cases are essentially the same, we 
shall only do the case r = s. 

Recall that the edge weights for F(j^, 0) were found in Lemma 9.3. This makes it easy 
to evaluate T s c x for all x G y. In particular, T s c i = qc\ + c s . This shows that the desired 
formula holds when w = sv and v = 1. So henceforth we assume that v 1. Note that since 
/(sv) > Z(v) it follows that l (tv) < /(v). 

Observe that {v} U {x G W \ l(x ) < Z(v) } is a union of right cosets of the group {1,?}, 
namely those cosets whose minimal element has length / — 2 or less. So the inductive 
hypothesis can be written as 

T v c\ = + 

xgS 

where £ = {x G D^j | l(x) ^ 1 — 2}. Similarly, the set {tv} U {x G W | l(x ) < /(tv)} is a 
union of right cosets of {1,s}. Writing T={j(G/)) j j l(x) ^ l — 1}, our aim is to show that 

T w ci = Yj 9 r/(w ’ ) ” /(f) ” 1 (9 , Cx + c s . v ). 

Observe that [tx \ x G £} = T\ {1}. 

If x G £ and x f- 1 then D(x) = {j} and D(tr) = {f}. Note also that stx G J r , since either 
l(stx) < l(w) or stx = w. So 


F f CjC x + C; x ) — c x + (qc tx + C s t x + c x ) 

= y ( ix T ('stx ■ 

When x = 1 we get T s (qc x + c tx ) = T s (qc\ +c t ) = q 2 c\+qc s + qc,+c st . So 

FvCi = T s (T v c\) = q l{ ' ] 1 (q 2 Ci + qc s + qc, + c st ) + Y ^ '(^Ox + O/x) 

X6f\{t} 

= q ,(w) - l (q C i+ Cs ) + q ,(w) - 2 (q C ,+ Cst )+ Y (qc y + c jy ) 

= Y q l{w) - l(y) -\qcy + c sy ) 

yer 


as required. □ 

Proposition 9.7 Let (W,S) be a Coxeter system of type h(m), with S = {s,t}- Let k be 
a nonnegative integer such that k+ 1 divides m, and let J? = (tv G W \ l(w) ^ k}. Then 
(j^,0,0) is a W-graph biideal. 

Proof By case (vii) in Theorem 9.5 we know that (y,0) is a W-graph ideal, and since 
y = y~ x it follows that (y,0) is also a W-graph right ideal. Identifying y°(y. 0) with 
y (y, 0) by putting b°, = b w for all tvG /, the task is to show that the left and right actions 
of PI commute. 

Note that if k = m— 1 then y = W \ {wj}, where ws = \..st\ m is the longest element 
of W. But (W, 0,0) is a W-graph biideal, by Remark 6.7, and {cw s } is closed for both the left 
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and right actions. So it follows from Theorem 6.12 that (j 2- ,©,©) is a W-graph biideal in this 
case. 

Since the standard basis and W-graph basis of ,5P (JL 0) are related by the rule that 
b w = r w ci for all tte/, it follows from Proposition 9.6 that b w = c w + £ v <w</^ - ^ c v for 
all iv6/. The right ideal analogue of Proposition 9.6 gives b°, = c° + £ v<w c° for 

all Since b°, = b w , we must have c° = c w for all w G J 1 . 

The left and right actions of T s and T, are given by rules that are independent of the value 
of m. For example, for all 

—q~c w if the reduced expression for w starts with s, 

qc\ +c s if w = 1, 

T s c w = qc, + c st if xv = t, 

qc w + c m . + c tw if the reduced expression for w starts with t and 1 < l(w ) < k, 
qc w + c tw if the reduced expression for w starts with t and l(w) = k. 

If it happens that m = k+ 1 then, as we have seen, (,^,0,0) is a VF-graph biideal, and so the 
left and right actions commute. Since the value of in is irrelevant, the left and right actions 
always commute. □ 

Proposition 9.8 Let (VFiS 1 ) be a Coxeter system of type f (in), with S = {s,f}. Let h and k 
be integers in {1,2,... ,w — 1} with \h — k\ = 1. Let J = {[-.sth | l ^ h}U{ [..ts]/ | l ^ k}. 
Then (y, 0,0) is not a W-graph biideal. 

Proof Suppose, for a contradiction, that (J 2 ", 0,0) is a W -graph biideal. It is obvious that 
essentially the same proof will apply whether h = k— 1 or k = h — 1. So we assume that 
h = k — 1, which means that is not in J? and is in J*. Let {c w \ w G J?} be the 
(W x fF°)-graph basis of the (HjH )-bimodule M = 0,0). 

Put w = and suppose first that k is even. We shall show that ( T s c w )T s T s (c w T s ), 

contradicting the fact that M is a bimodule. In the first instance we assume that k> 2, although 
the calculations are much the same in the case k = 2. Given that k > 2 the reduced expression 
for w starts with t and ends with t, and there is at least one j in between. Observe that 
c w T s = qc w + c w i + c w . s but T s c w = qc w + c tw , since jw ^ J. Note also that ws is the longest 
element of JG So we find that 

(— qc w T s T c tw T s — q(qc w -f- c ws + Cy : t ) d - iqt'tw T Cf WS + Cf W tf 

whereas 

— qT s c w T" T s c wt + T s c ws — q(qc w + Cf W ) + ( qc w t T Gwf T" ( qc ws + Cf W f). 

The two expressions are not equal: the second features a c swt that does not appear in the first. 
If k = 2 then we find that 

( T s c,)T s = (qc, + Ci)T s = q(qc,+c ts ) + qci+c s , 

whereas 

T s (c t T s ) = T s (qc,+c\+cts) = q(qc, + c if ) + [qc\ +C*) + (qc, s + c s ), 
and again the two expressions are not equal. 
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When k is odd similar calculations show that ( T,c w )T s T t [c w T s ). If k = 3 then 
{T t c s t)T s = ( qc st +c t )T s = q(qc st + c sts + c s ) + ( qc t + c ls ) 


whereas 


Tt(c st T s ) — T t (qc st + c sts + c s ) — q(qc st + c,) + (qc sts + c, s ) + ( qc s + c ts ), 

and if k ^ 5 then 


{T t c w )T s — ( qc w + c sw )T s — q(qc w + c ws + c wt ) + (qc sw "F C sw t C'wv'.V ) 


whereas 


Tl(c w T s ) — T,[qC w + C ws + C w t) — q{qc w C sw ) "P ( qC\vs "P ) "P (qc w t "P CfM / d - c VU f ). 

A contradiction has been obtained in all cases. □ 

Theorem 9.9 Let (W, S) be a Coxeter system of type h ( m ), and let S = {j, t }. Then (y, J, K) 
is a W-graph biideal if and only if one of the following alternatives is satisfied: 

(i) (y, j,k) = (w,0,0), 

(ii) ( y, J,K) = ({w G W | l(w) ^ A:},0,0), where k+ I divides m, 

(iii) ( y , J,K) = ({1,r},0,0) and m is even, 

(iv) ( y, J,K) = ({1, s}, 0,0) and m is even, 

(v) y = { 1} and m is even, and J, K are any subsets of S, 

(vi) y = {1} and m is odd, and J, K 6 {0W}. 

Proof Let us first check that ( y , J, K) is a W-graph biideal if it is in the list. For case (i) 
Remark 6.7 applies, and for case (ii) Proposition 9.7 applies. For case (iii), observe that 
( y , J) = ({1, r}, 0) is a W-graph ideal by case (vii) of Theorem 9.5, since m is even. Since 
y = y~^, it is also a W-graph right ideal. Observe that T s acts as scalar multiplication by q, 
in both the left action and the right action. Moreover, the left action of T, is the same as the 
right action. So the left and right Td-actions commute, as required. Case (iv) is the same as 
case (iii), and cases (v) and (vi) are trivial. 

It remains to prove that there are no others. So assume that ( y, J , K) is a W-graph biideal. 
Since y has to be an ideal of (W, ^i_) and of (W, ^r) we see that if y contains some element 
of length l then it must contain all 21 — 1 elements of length less than /. So clearly we must 
have y = { [..it]/ | / ^ //} U { [..ts]/ | / ^ k} for some integers h and k, with either h = k or 
\h-k\ = \. 

Assume first that min (h,k) ^ 1. Then both s and t are in y, and Remark 6.2 shows that 
/ = K = 0. So Proposition 9.8 shows that h = k, and since ( y, J) is a W-graph ideal it follows 
from Theorem 9.5 that either y = W or k+ 1 is a divisor of m. So the only possibilities 
correspond to case (i) and case (ii) in the theorem statement. 

Obviously h = k = 0 gives case (v) or case (vi) of the theorem statement. So it remains to 
consider the possibilities that h = 0 and k= 1, giving y = {1,.?}, or h = 1 and k = 0, giving 
y = {1, r}. Since h + 1 and k+ 1 have to be divisors of m, it follows that m must be even. If 
/ = K = 0 then we obtain cases (iii) and (iv) of the theorem statement. We must show that all 
other cases lead to contradictions. 

Suppose first that y = {1, ,v}. Then s f J and s f K, and since J and K are not both 
empty, one or other must be {f}. Let {ci,Cj} be the (W x W°)-graph basis of the bimodule 
y(y,J,K). lfj= {r} then 

( T,ci)T s = (-q- l C\)T s = —q~ l (qc\ +c s ) -ci+qc s = T,(qa+c s ) = T,{ciT s ), 
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while if K = {f} then 

T s (.C\T t ) = T s (-q~ l c\) = —q~ l (qci +c s ) ^ -ci+qc s = ( qc\ +c s )T, = (T s ci)T t . 

So in either case we have a contradiction. A similar argument disposes of S = {l,t}. □ 
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